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ABSTRACT 
Porous anodic alumina films are produced by anodic oxidation in various acidic 
electrolytes.  The self-organized structure consists of an evenly spaced hexagonal array of 
mutually parallel pores.  Interpore distances range from ten to several hundred nanometers.  
The film is easily produced with control over the pore geometry, and it can be extremely well 
ordered.  These features have found use in various applications including the production of 
nanomaterials.  Recently, porous films have been shown on other metals.  An improved 
mechanistic understanding would aid exploration of other systems and lead to new 
applications. 
Results based solely on ionic migration within the electric field were evaluated with 
respect to the requirement that steady-state geometries have time invariant interface 
evolution profiles.  Two models were developed to simulate the processes occurring during 
steady-state pore growth.  The first used the assumption of no space charge in the oxide, and 
the second applied current continuity.  Both were coupled to high-field ionic conduction.  
Neglecting space charge in the oxide yielded unrealistic behavior with highly nonuniform 
interface motion, suggesting the importance of space charge.  In contrast, interface motion 
predicted by the current continuity model was uniform, except in a localized region near the 
convex ridges of the metal-film interface between neighboring pores.  Ionic conduction alone 
is unable to fully rationalize the porous structure. 
The current continuity model was expanded to include transport by stress-driven 
material flow in addition to ionic migration.  This phenomenon is indicated by experimental 
tracer studies as well as measurements of accelerated pore growth relative to interfacial 
 xi 
 
progression into the metal.  Direct simulation of experimental tracer experiments revealed 
quantitative results that are in excellent agreement.  The flow is driven by compressive stress 
in the pore base near the film-solution interface.  This compressive stress is largely attributed 
to electrostriction.  The overall stress distribution also depends on the volume change at the 
metal-film interface during oxidation and the nonlinear current-electric field relationship 
governing ionic conduction.  The stress distribution at the metal-film interface generated by 
flow suggests interface diffusion toward the ridges, which is consistent with observations 
involving dilute aluminum-gold alloys.  This interface diffusion can qualitatively explain the 
time invariance of the metal-film interface near the ridges. 
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CHAPTER 1.  GENERAL INTRODUCTION 
1.1  Anodic Films on Aluminum 
Aluminum and other valve metals readily develop an oxide film when in contact with 
air or water.  This oxide film passivates the metal by separating it from the environment and 
resisting current flow, thereby protecting it from further chemical reaction.  These oxide 
films can be grown electrochemically by anodic oxidation and are amorphous in structure.  
Continued growth depends on the presence of an electric field which drives ionic conduction 
of reactive metal and oxygen species through the film.  Depending on the electrolyte used, 
one of two distinct varieties will form: planar or porous.  These anodic films have long found 
use in various metal finishing processes, dielectric applications, and more recently as a 
common component in the fabrication of nanomaterials.  Porous anodic alumina is 
particularly unique because it is self-organized, well-ordered, and capable of growing 
channels of high aspect ratio with control over the nanometer to submicron length scale.  
These qualities are ideal for the production of advanced materials in magnetic recording 
media [1-3], solar absorbing coatings [4], optical devices (photonic crystals) [5, 6], polymer 
and metallic nanorods and nanotubules [7], and nanowires [7, 8]. 
Planar oxides are flat, compact, nonporous barrier films of uniform thickness.  They 
develop by anodization in solutions where the film is generally insoluble, typically neutral 
borate or phosphate solutions.  The process can increase the thickness of the 3-5 nm air-
formed film up to around 1 µm.  The characteristic structure of porous films consists of 
evenly spaced and mutually parallel pores oriented normal to the metal’s surface.  Viewed 
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from the top, the pores form a hexagonal array.  These features are shown in the electron 
micrographs of Figure 1.1. 
 
Figure 1.1  (a) Scanning electron microscopy image showing the top view of the metal-
oxide interface after removal of the porous alumina [9].  (b) Replica transmission 
electron micrograph of the cross-section of an anodic film formed in phosphoric acid 
[10]. 
The length scale of the structure is largely dependent on the formation voltage and acid type, 
with interpore distances ranging from 10 to 500 nm.  The solutions that are used to produce 
porous alumina are mildly aggressive towards the oxide in that the film is only marginally 
soluble.  The most common of these are sulfuric, oxalic, and phosphoric acids.  Steady-state 
pore growth maintains a constant thickness of the film at the base of the pore, and the rest of 
the oxide produced is accumulated in the pore walls. 
Some attractive features of the porous oxide are its ease of production, degree of 
organization, and control over its geometry.  Numerous ideas explaining film growth have 
been proposed, yet there is no consensus.  Quantitative models describe in general terms how 
coupled conduction and interfacial reactions might explain the porous geometry, but there are 
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no detailed comparisons to experimental results.  Recently, porous anodic films have been 
shown on other metals [11-16].  An improved mechanistic understanding would aid 
exploration of other systems and lead to new applications. 
1.2  The Present Work 
The following chapters will first present a review of published work on porous 
alumina as well as conduction and stress generation processes in anodic films.  This will 
provide both a context for the mechanisms incorporated into the models as well as a 
foundation of measurements on which the models’ domain is based.  The first model 
presented only considers transport by means of electromigration.  The second model is in 
large part an expansion of the first; it couples electromigration with stress-driven material 
flow and is able to simulate almost the entire range of anodizing conditions for the three 
common acids used to produce porous films.  These models are novel in that they explicitly 
incorporate known high-field behavior of ionic conduction to determine the potential 
distribution, solve the governing equations over a two-dimensional axisymmetric domain, 
and provide a quantitative explanation of key processes in the self-organized growth of 
porous anodic alumina.  Each of these aspects of the work is paramount in understanding the 
development of the porous structure.  Not enforcing high-field conduction can lead to 
significant error in the potential distribution.  The atypical domain geometry cannot be fully 
represented by one-dimensional approximations, especially when considering material flow.  
Most important, a quantitative description of the assumed mechanisms is necessary to discern 
their validity. 
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CHAPTER 2.  LITERATURE REVIEW 
The following review of published material will provide a context and foundation for 
the present work.  Specifically, it will present direct observations and measurements 
describing the growth of porous films, both conceptual and quantitative models proposed by 
other authors, and details of known processes associated with anodic film growth. 
2.1  Porous Anodic Alumina 
Porous anodic oxide films have been the subject of study for several decades.  Their 
presence was discovered soon after the development of scanning electron microscopy.  
However, more recently porous anodic films have experienced resurgence in research 
activity, attracting attention because of their nanoporous structure and its application in 
nanomaterials.  This rise in attention is largely attributed to Masuda and Fukuda, who 
established two key points in their 1995 Science paper: the first being that for a given 
electrolyte, a specific set of anodizing conditions will reproducibly yield extremely well 
ordered pores; the second point made was that the film could easily be used as a template in a 
simple two-step replication process to create gold and platinum structures of the same 
dimensions [17]. 
2.1.1  Porous Film Morphology 
Three acids are commonly used to produce porous anodic alumina: sulfuric, oxalic, 
and phosphoric.  These acids are only mildly aggressive towards the oxide, allowing it to 
grow into a thick, porous structure.  Neutral to basic solutions are known to form thick but 
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nonporous flat barrier layers.  The relationship between the three acids and their effect on the 
geometry is represented best in Figure 2.1 [18]. 
 
Figure 2.1  Dependence of the interpore distance, d, of self-organized alumina on anodic 
voltage, Ua [18].  The solid line displays the relation aUd 81.27.1 +−=  [19]. 
Sulfuric acid produces the smallest pore sizes of the three acids.  It also has the lowest 
sustainable anodizing potential before showing signs of dielectric breakdown.  Phosphoric 
acid is on the other end of the spectrum, showing the ability to produce relatively large pores 
and thick barrier layers capable of high potentials.  The fact that the three acids form a 
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continuous linear relationship indicates the importance of the field strength in determining 
the geometry.  As seen in Figure 2.1, the length scale of the porous geometry depends on the 
anodizing voltage used to produce the film, and the acid used determines a closed range of 
available anodizing voltages from within the general trend.  However, not all of the 
geometric parameters detailing the porous structure follow such a simple linear relationship.  
Ebihara, Takahashi, and Nagayama have performed some of the most complete 
measurements characterizing the electrochemical behavior during polarization as well as the 
dependence of the porous geometry on the anodizing voltage using both sulfuric and oxalic 
acid [19-21]. 
The porosity is another general measure of the relative pore size.  Ono et al. described 
each of the three acids as having a self-ordering voltage, Vs [9].  The self-ordered porosity 
developed at formation voltages as low as 20% of the self-ordering value.  The structure 
became more organized and extremely well ordered when anodized near Vs, and intense gas 
evolution accompanied by high current flow occurred beyond Vs.  They also showed that as 
each acid approached the self-ordering voltage and became perfectly ordered with few 
irregularities, their resulting porosities converged to 10%.  To better represent this 
phenomenon, the formation voltage of each acid was normalized by its self-ordering voltage 
and the trends for each acid are remarkably similar. 
The degree of organization in the pattern depends on anodizing conditions, which can 
also be seen in Figure 2.2 where (a) is less organized than the regular hexagonal structures 
appearing in (b) and (c).   
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Figure 2.2  SEM images of the metal-film interface after removal of the porous oxide 
originally formed in phosphoric acid: (a) 150 V for 1 h, (b) 195 V for 1 h, (c) 195 V for 
16 h [9]. 
The structures in both (b) and (c) were produced at a larger anodizing voltage, and (c) also 
shows the effects of an extended anodizing time.  Figure 2.3 also shows various degrees of 
organization resulting from different anodizing conditions [18].  Here at this scale, regions 
appear with an almost perfectly formed hexagonal structure, bounded by lines of 
irregularities where these regions merge.  In other words, while all three images would have 
a length scale describing the diameter of the average individual pore, (a) and (b) could be 
characterized as having a second length scale describing the diameter of the group of regular 
hexagonal pores.   
  
8
 
Figure 2.3  SEM micrographs of pore arrangements from various acids and anodizing conditions showing regions of nearly 
perfectly formed hexagonal pores of different sizes in (a) and (b), and a relatively irregular structure without bounded 
regions of regular hexagonal pores in (c) [18]. 
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These highly ordered domain structures have been found to grow with anodizing time [22].  
During anodizing, the irregularities between merging domains may be viewed as less stable 
than the lower energy ordered hexagons, causing the boundaries to move until either the 
neighboring domains match or until one domain has consumed the other.  This process is 
similar to that of grain growth. 
Another interesting experimental observation in porous anodic alumina is the 
occurrence of voids and defects in the oxide over the ridges, particularly over the triple polar 
junctions.  This phenomenon has been reported in several publications [23-27].  Ono et al. 
have documented their presence with TEM [25, 26], even when the pore geometry was 
artificially modified to form square cells [27].  Figure 2.4 shows how the voids form over the 
ridge-top, and are convected upwards inside the pore wall. These voids grew in size with 
increasing voltage. 
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Figure 2.4  Replica image showing circular voids inline above triple polar junction 
points [25]. 
Macdonald proposed a mechanism for the formation of these voids based on the 
observation that they formed primarily at the triple junction points where the metal protrudes 
up into the oxide [28].  The mechanism involved the condensation of cation and/or metal 
vacancies in the triple junction region, which is characterized by high cation vacancy 
diffusivity attributed with a high degree of lattice disorder.  Another point in the mechanism 
was that vacancy condensation into voids caused local decohesion of the oxide layer from the 
metal substrate, and resulted in inhibited oxidation in this region. 
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2.1.2  Anodic Film Growth 
Galvanostatic anodization of planar barrier films at a constant current density is 
characterized by a roughly linear increase in cell voltage and film thickness until dielectric 
breakdown occurs at some relatively large voltage.  Films grown at a constant potential or 
until a particular cell voltage is reached and held will initially display a significant amount of 
current passed as the oxide grows, but then will decay to a very low value (described as the 
leakage current) after film growth slows and approaches a constant thickness [29].  Barrier 
films are also known to incorporate varying amounts of anions from the anodizing solution 
[29, 30].  The degree of incorporation depends largely on the electrolyte used.  In this regard 
the films are often described as having a duplex structure because the anions are generally 
contained in some outer fraction of the film near the film-solution interface, while the film 
closer to the metal-film interface is pure oxide.  The two layers also show different rates of 
open circuit chemical dissolution when the film is submerged in a solution that is aggressive 
towards the oxide (e.g. heated, concentrated sulfuric acid) [31-33], indicating differences in 
their physical properties and possibly even their structure. 
Some features of the growth of porous anodic alumina films are similar to their 
barrier film counterparts.  The initial stage of porous film development, when the air-formed 
oxide is thickening, is virtually identical to barrier film growth.  Conversely, under certain 
conditions barrier film growth may be more accurately described as porous film growth but 
on a much longer timescale.  For this to be observed, the cell voltage must be kept below the 
point of dielectric breakdown for an extended period of time (up to of tens of hours) [34-36].  
Eventually the porous structure may develop from classic barrier film conditions, where 
growth would otherwise be limited by dielectric breakdown under typical galvanostatic 
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anodization.  The voltage-time response from porous anodization at a constant current 
density is characteristically described by a steep initial slope up to a maximum value as the 
film initially thickens.  It then relaxes slightly with the onset of pore development and settles 
to a constant value that is maintained during pore growth.  While continued anodization 
would evenly thicken the oxide of a planar film, steady-state pore growth maintains a 
constant thickness of the film at the base of the pore, and the rest of the oxide produced is 
accumulated in the pore walls. 
2.1.3  Acid Anion Incorporation 
These anodic films are not pure oxides; it is well understood that both porous and 
barrier films incorporate significant amounts of anions from the electrolyte bath.  The nature 
and effects of anion incorporation are less clear.  The amount of incorporation largely 
depends on the anion species, and also increases with current density and bulk electrolyte 
concentration.  In a review by Thompson and Wood, sulfate anions are commonly reported 
as having the largest extent of incorporation at 8-17 wt. %, followed by 6-8 wt. % phosphate, 
3-8 wt. % oxalate, and 0.1-0.7 wt. % chromate [29].   
Anodic oxides are often referred to as duplex films because the acid anions are 
located in the outer fraction of the oxide near the film-solution interface, while the oxide 
closer to the bulk metal is relatively pure.  The transition between the two layers is viewed as 
being relatively sharp, and the two layers are known to behave differently, most notably in 
their rates of chemical dissolution.  This fact is often used to determine the thickness of the 
layers by chemical sectioning (i.e. open circuit dissolution in hot concentrated sulfuric acid).  
Takahashi et al. used chemical sectioning to study the distribution of phosphate anions, their 
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depth of incorporation, and the effects of the electrolyte pH [31-33].  They observed a sharp 
transition in the dissolution rate of the film, with the outer contaminated layer dissolving at a 
uniform rate faster than that of the inner layer.  Varying the pH of the anodizing solution 
affected both the depth and concentration of the acid anions in the contaminated layer with 
negligible effects on the inner pure layer, and pore development was observed as the pH 
became increasingly acidic.  Vrublevsky et al. found similar results in porous films formed in 
oxalic and sulfanic acids where the films consisted of layers with distinct dissolution rates 
[37-39].   
Parkhutik used Auger electron microscopy and ion sputter etching to study anion 
incorporation during the initial stages of pore development in sulfuric, oxalic, and phosphoric 
acids [40].  As expected, only the outer region of the films contained significant 
contamination, and a maximum anion concentration is observed when the pores are nucleated 
in the barrier oxide.  The distributions of the acid anions were not uniform in the outer region 
of the film, nor did they decrease linearly from the film-solution interface to some transition 
point of pure alumina.  Instead, they displayed a buried maximum within the oxide. 
Ono et al. have confirmed that the duplex structure is maintained in the oxide film as 
it turns upward to form the pore wall.  Using high resolution electron microscopy, electron 
beam irradiation, and energy dispersive X-ray analysis, the portion of the oxide near the pore 
and the film-solution interface was found to contain acid anions and remained amorphous 
after irradiation, while the inner section of the pore walls was free of contamination and 
readily crystallized under the electron beam [41-43]. 
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2.1.4  Tracer Studies on Porous Anodic Alumina 
Siejka and Ortega studied anodic pore formation with 18O tracer techniques [44].  In 
their experiments an initial oxide film was grown with 18O.  Annodization into porous 
structures was continued after exchanging the solution to that containing 16O.  They found 
that the initial number of 18O atoms per square centimeter is conserved to within 2%.  This 
observation indicates that pore formation is not a simple matter of field-assisted oxide 
dissolution, as negligible amounts of the initial oxide are found in the solution.  Furthermore, 
most of the oxygen of the initial base layer is located at the top of the pore walls of the film, 
as illustrated schematically in Figure 2.5.  This implies transport of oxygen from the pore 
base to the pore walls. 
 
Figure 2.5  Schematic representation of the inversion of the oxygen order observed by 
Siejka and Ortega.  The left shows the initial oxide film grown with 18O, while the right 
shows the result of continued anodizing in 16O. 
G. E. Thompson et al. have performed a series of unique tracer experiments in a 
variety of acid electrolytes with interesting and characteristically similar results [45-48].  
Their anode was a layer of aluminum metal deposited by magnetron sputtering.  During 
 15 
 
sputtering of the aluminum, a tungsten target was briefly activated to create a doped layer 
roughly five nanometers thick in the middle of the aluminum.  Upon anodization at a 
constant current density, the pore structure develops as the metal-film interface moves into 
the aluminum.  Soon after the establishment of the initial pore structure (indicated by a 
leveling of the voltage response), the metal-film interface encounters the tungsten layer 
initially at the pore bottoms.  A small bump in the voltage response is seen as the tungsten is 
oxidized and passes into the film.  The distortion and evolution of the tungsten layer is 
followed as it moves through the oxide film.  Figure 2.6 shows the deposited aluminum layer 
prior to anodization as well as the evolution of the tungsten layer after various periods of 
anodizing in phosphoric acid. 
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Figure 2.6  Transmission electron micrographs following a tungsten tracer layer during 
the growth of porous anodic alumina at 5 mA/cm2: (a) as deposited metal prior to 
anodization, (b) 180 s, (c) 240 s, (d) 350 s [46]. 
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The micrographs show that the tungsten is unable to reach the film-solution interface, as 
would typically be expected of a cation migrating under the electric field.  Instead, motion 
towards the film-solution interface slows to a stop (in the moving reference frame) and all the 
tungsten is eventually pushed laterally into the pore walls with notable thinning of the 
tungsten beneath the pore base and accumulation in the pore walls.  Rutherford 
backscattering spectroscopy reinforces this interpretation indicating that negligible amounts 
of tungsten ever enter the solution.  The unexpected evolution of the tungsten layer, its 
inability to reach the film-solution interface along the pore base, and its retention in the oxide 
are all explained in terms of field-assisted material flow driven by stresses associated with 
film growth.  The requirement for flow arises from the fact that the vertical component of the 
cationic tungsten near the pore axis slows to a stop, it travels laterally away from the pore 
axis, and it continues to move upward in the pore wall at a rate faster than the recession of 
the metal-film interface.  None of these features can be explained by cation migration. 
2.1.5  Other Evidence of Flow in Anodic Films 
Beyond the tungsten tracer results, the ability for alumina to flow in response to a 
stress field during anodization is further supported by observations of nondestructive 
deformation occurring during film growth at room temperature.  Skeldon et al. anodized an 
Al-0.47 at. % Au alloy [49] and an Al-1 at. % Cu alloy [50].  They observed significant 
growth of oxygen bubbles originated near clusters of the alloy elements near the metal’s 
surface.  The bubbles are on the order of tens of nanometers in size and are in pressure 
equilibrium with the surrounding oxide estimated to be on the order of several hundred 
megapascals.  The ability of the bubbles to grow and coalesce is attributed to an effective 
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plasticity of the labile amorphous alumina under the electric field, which exhibits a “liquid-
like behavior under the electric field, assisted by inherent free-volume.”  Bradhurst and 
Leach [51, 52] and later Leach and Neufield [53] report both significant differences in 
physical behavior and mechanical properties between anodic films and bulk oxides and show 
that application of an electric field enhances the plasticity of the film.  They report that the 
large ionic flux permits deformation in order to relieve stress.   
A general measurement used to describe the growth of porous films is the so-called 
“volume expansion factor.”  This measurement in porous oxides is the ratio of the rate of 
pore wall growth to the rate of interfacial motion into the bulk metal.  As the name implies, it 
has been attributed to elastic expansion and explained in terms of the Pilling-Bedworth ratio 
(see Section 2.4.1) [18].  However, maximum elastic strains in porous films are typically 
smaller than 0.1%, owing to large elastic moduli on the order of 1011 Pa.  Therefore, volume 
expansion factors can be more readily interpreted in terms of plastic flow.  Variation in 
volume expansion factors would result from varying amounts of material flow from the pore 
axis to the pore wall, as seen in the tungsten tracer experiments.  This would clearly have a 
strong correlation with the porosity of the film.  Interestingly, both the porosity and the 
volume expansion factor tend to converge to constant values as highly ordered anodizing 
conditions are approached: 0.1 [9, 54] and 1.4 [18], respectively.  For a given film geometry 
(i.e. porosity), the volume expansion factor is a direct indication of the amount of material 
flow in the bore base beneath the pore wall.  Vrublevsky et al. have measured the variation of 
the volume expansion factor with the anodizing potential and current density [55, 56]. 
A related room temperature phenomenon is the viscous relaxation of amorphous 
materials due to compressive stresses induced by ion bombardment, which has been shown to 
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result from Newtonian viscous flow [57-59].  This is notably relevant to the concept of 
viscous material flow in anodic alumina as it requires amorphization of the substrate 
material, the strain rate is proportional to the stress, and it occurs at room temperature.  For 
example, Volkert preformed in situ wafer curvature measurements during MeV ion 
implantation.  She found that the implanted regions expanded as the crystal becomes 
damaged.  This caused the formation of amorphous regions under compressive stress, which 
was relieved by plastic flow out of the plane of the wafer [57].  Volkert et al. have also 
performed experiments where this plastic flow is directly observable; Figure 2.7 shows the 
results of 4.0 MeV Xe irradiation of SiO2 films with etched trenches over a range of fluences 
at room temperature [58].   
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Figure 2.7  Cross-section SEM images of trenches in a thermally grown SiO2 film (a) 
before irradiation, and after 4.0 MeV Xe irradiation at (b) 1.0×1015, (c) 3.0×1015, and (d) 
1.0×1016 Xe/cm2 at room temperature [58]. 
The ion beam affects the silicon through ionization events and atomic collisions with 
negligible volume change resulting directly from the implanted Xe.  Polman et al. later found 
that the rate of in-plane stress generation decreases with increasing sample temperature in a 
roughly linear fashion from 95 K to 575 K, and actually changes sign just under 500 K [59].  
This behavior is attributed to the lower thermal viscosity allowing for relaxation of the 
material. 
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2.1.6  Theoretical Models 
Before presenting plausible theories of porous oxide formation, general mechanisms 
that have been accepted as not being involved will be reviewed briefly.  Because the range of 
pore diameters is much larger than any crystallographic periodicity, and its dependence on 
the electrolyte, pH, and other extrinsic factors with respect to the bulk metal, the pattern 
formation is clearly not a crystal growth phenomenon.  Similarly, liquid-solid instabilities 
that result in lamellar and rod eutectics during solidification also have dramatically different 
length scales, and clearly are not responsible for pore formation.  Although preexisting 
defects (in either the metal’s surface, the native air-formed oxide film, or the interface 
between the two) may serve as nucleation points during pattern formation, their involvement 
is noncritical because of discrepancies when compared to the pore density and distribution, 
and the latter’s dependence on independently controllable processing conditions. 
One of the earliest proposed mechanisms for the self-organized structure was reported 
by Hoar and Mott in 1959 [60].  They noted the necessity for oxygen and aluminum ions to 
be able to migrate through the compact part of the oxide film.  Oxide growth would occur by 
Al3+ moving from the metal-film interface up towards the film-solution interface and 
neutralizing any oxygen species encountered along the way (O2- or OH-).  The film’s 
thickness is maintained by field enhanced oxide dissolution at the film-solution interface.  
Here, Al2O3 is in contact with an acid and can form Al
3+(aq) and H2O; a process that is 
typically slow, and although local heating could accelerate this reaction, the authors proposed 
that as the aluminum ion enters solution, the oxygen species may remain in the film and 
migrate back towards the metal-film interface.  This oxygen species is likely of a hydroxyl 
ion, because of the presence of the acid of hydrogen ions and its smaller size will enable 
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passage into an interstitial position.  These ions then follow the electric field towards the 
film-solution interface until they react with a migrating aluminum ion moving in the opposite 
direction.  The concepts from Hoar and Mott are not in conflict with findings reported by 
Siejka and Ortega [44], if the net effect is only Al3+ entering solution.  However, later field-
assisted dissolution ideas, which cite their paper, generally assume dissolution of both 
aluminum and oxygen species of the oxide. 
Parkhutik and Shershulsky presented a kinetic theory for single-pore growth [61].  
They assumed a hemispherical pore bottom, and that the nonplanarity of the interfaces 
caused an inhomogeneous electric field.  Neglecting space charge, the electric field was 
described by Laplace’s equation.  Their model reproduced experimental dependencies of the 
pore size on the applied voltage and pH previously reported by Ebihara et al. [20].  However, 
the model depended on empirical dissolution kinetic expressions with unknown parameters.  
The authors reported that further development of the model would need to take into account 
fine physical-chemical effects involved in oxide growth such as space charge accumulation 
and double layer formation at the film-solution interface as well as direct digital simulation 
of the general equations. 
Metzger et al. have proposed a phenomenological theory for the mechanism of pore 
formation [22].  They proposed that pore nucleation occurs as the barrier layer is first formed 
in areas where the oxide is the thinnest.  Acid-catalyzed partial oxide dissolution occurs at 
the pore bottoms where the electric field is the strongest (this acid-catalyzed process is absent 
in nonporous barrier films).  Joule heating and acid-catalyzed oxide dissolution then heat the 
pore bottom.  The ability of the hexagonal ordering to rearrange dynamically is attributed to 
the mobility of ions in the barrier oxide and of Al atoms within the metal. 
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2.2  Ionic Conduction in Oxide Films 
Ionic conduction in oxides is typically described by a defect model, originally 
developed by Frenkel [62].  The transport and propagation of point defects in the crystal 
lattice, such as atomic vacancies and interstitial atoms, provide a means for atoms and ions to 
move through the material by exchanging positions or jumping into neighboring sites.  
Alumina, however, has an amorphous structure [63], and its behavior is still the subject of 
research to date [64-67].  The general current-potential field relationship is better understood.  
Since the relationship doesn’t follow Ohm’s Law, Verwey first proposed a high-field 
mechanism for the migration of cationic species through the oxide film [68].  Its mechanism 
is based on the concept that interstitial metal ions are the mobile species; however, the same 
mechanism is applied in literature to describe the movement of any type of defect.  In order 
for the ion to jump from one equilibrium site to another, it must overcome an energy barrier 
as shown in Figure 2.8. 
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Figure 2.8  Relationship between the energy of migrating ions and their position with 
(a) and without (b) an applied field. 
Each ion sitting in an equilibrium site is characterized as vibrating in a simple harmonic 
motion with a frequency ν.  An energy barrier of magnitude W must be overcome if an ion is 
to move into another equilibrium site.  In accordance, a is the jump or activation distance, q 
is the ionic charge associated with the ion, and E is the electric field, which reduces the 
height of the activation energy to ( )aqEW −  when the ion is moving with the field and 
increases it to ( )aqEW +  when the ion is moving against the field.  Let the concentration of 
the mobile species be c, and the flux of ions can then be written as 
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The current density can be written in terms of the ionic flux simply as 
 qNNi A=  (2.2) 
where NA is Avogadro’s Number.  With the electric field on the order of 10
6 to 107 V/cm, one 
of the two terms in Equation 2.1 will clearly dominate.  In the case of positively charged 
ions, the equation for the current density can be simplified to 
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This equation gives the current density as a function of the field strength in the form of 
BEAei = , which is the general form for high-field conduction commonly observed with 
many valve metals, including aluminum [69]. 
Ebihara, Takahashi, and Nagayama used the high-field theory of ion conduction in 
crystalline solids to explain the voltage current relationship obtained during anodization 
producing porous alumina [19-21].  The theory was modified to take into account the 
semispherical shell structure of the barrier region across which the applied voltage is 
sustained.  The authors showed consistent values of W, a, and ν (as shown in Equation 2.3) 
that precisely predicted experimental current transients at 10°C, 20°C, 30°C, and 40°C.  
These findings are evidence that porous anodic alumina follows high-field theory. 
Factors that influence the migration of ions in the film would be similar to those 
affecting diffusion, which can be characterized by the self-diffusion coefficient [70], 
 Γ= 2
6
1
αAD  (2.4) 
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where α is the jump distance and Γ is the jump frequency, further defined by 
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Here, v, is a mean vibrating frequency indicating the number of jump attempts.  The 
exponential term represents the probability that a jump will successfully cross the energy 
barrier.  The product of the number of neighboring sites, z, and the mole fraction of vacancies 
XV, accounts for the probability that a neighboring site is vacant.  Equation 2.5 is explicitly 
written for substitutional diffusion of atoms and ions.  However, if either the species 
considered is the vacancies or the diffusion path is strictly interstitial instead of 
substitutional, then Γ is simply 
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Of notable importance here is that the diffusivity in Equation 2.4 is directly proportional to 
the vacancy concentration.  Also, the diffusion coefficient for the vacancies is generally 
orders of magnitude larger than that of other mobile species.  
2.3  Interfacial Reactions 
The barrier layer of the oxide separates the reactive metal from its environment.  
Continuation of reactive processes depends on transport of reactive species through the oxide 
and into solution, as described by the Vetter-Gorn model of anodic corrosion [71], some 
details of which are illustrated in Figure 2.9 for both planar and porous oxide geometries. 
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Figure 2.9  Schematic representation of film growth processes. 
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According to this model, corrosion is controlled by ionic conduction in the oxide film, in 
combination with independent Al3+ and O2- ion transfer reactions at the film-solution 
interface, 
 ( ) ( ) ( )aqHoxOaqOH +− +↔ 222  (2.7) 
 ( ) ( )aqAloxAl ++ → 33  (2.8) 
These interfacial reactions have been supported by experimental results in the case of both 
iron and aluminum [72, 73].  The interface reactions are driven by the interfacial 
overpotential, Iη , and conduction of the ionic species is driven by the potential drop across 
the oxide.  The rates of the two reactions in Equation 2.7 and 2.8 are given by the current 
densities il and ic, respectively [73], 
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and 
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Here, +lα , 
−
lα , and cα  are charge transfer coefficients, oli  and oci  are kinetic coefficients, 
and F is Faraday’s constant.  Equation 2.10 only has one exponential term because the 
reverse reaction of Equation 2.8 can be neglected.  The sum of these two current densities 
yields the total anodic current density, 
 acl iii =+  (2.11) 
The anodic current density follows high-field conduction, and is related to the potential by  
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where ∆φ is the potential drop across the oxide whose thickness is δ.  The potential drop, ∆φ, 
and the interfacial overpotential, Iη , are components of the applied anodizing voltage V, 
 I32 ηφ +∆+= OAlAlEV  (2.13) 
where 
32 OAlAl
E  is the potential of Al in equilibrium with Al2O3. 
The relative contribution of the two terms that form the total anodic current density in 
Equation 2.11 is represented by the current efficiency, ε, 
 
cl
l
ii
i
+
=ε  (2.14) 
which is defined as the fraction of the total current density that goes towards oxygen ion 
transfer.  For a set of experimentally determined constants for Equation 2.9 and 2.10 [73], the 
current efficiency is shown to be an increasing function of both the interfacial overpotential, 
Iη , and the total interfacial current density from Equation 2.11 (Figure 2.10). 
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Figure 2.10  Current efficiency over a range of interfacial current densities. 
2.4  Stress Generation in Anodic Films 
Many published investigations into porous anodic alumina films report on the stresses 
that develop in the film.  In the case of volume expansion factors these are usually vague 
references used to justify compressive repulsion between the pores.  There is no consensus 
on the role stress plays during the growth of anodic films.  The following sections discuss 
some common sources of stress in oxides as well as stress measurement made during 
anodization of aluminum. 
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2.4.1  Sources of Stress in Oxides 
The concept of volume expansion is often explained either in terms of the Pilling-
Bedworth ratio (PBR) or in a fashion analogous to it.  The PBR has been commonly cited as 
a source of stress in oxides since 1923.  In their original work on high temperature oxidation, 
Pilling and Bedworth asserted that behavior of a metal-oxide system could be inferred by the 
ratio of the molar volume of the oxide to that of the metal following 
 
metal
metal
oxide
oxide
MW
MW
PBR
ρ
ρ
⋅=  (2.15) 
where MW and ρ are the molecular weight and density, respectively [74].  For PBR > 1, a 
compressive stress is predicted as the oxide expands and fully covers the metal’s surface.  
For PBR < 1, the oxide is expected to experience tensile stress and possibly even a 
discontinuous layer on the metal.  The PBR for the formation of Al2O3 can be calculated at 
1.29 [75].  While popular in use, the accuracy of PBR based predictions is questionable both 
in the magnitude of the stress as well as the sign.  These predictions may be relevant in 
systems where new oxide forms only at the metal’s surface by inward diffusion of oxygen 
anions. But for other systems they are an oversimplification that typically results in 
extremely large stress predictions [76, 77].  They fail to consider that the oxide’s surface is 
generally unconstrained as well as the mobility of ions in the oxide.  Pilling and Bedworth 
themselves note that with cation mobility, there is no reason to expect a direct relationship 
between the molar volume and stress.  Stinger continues to point out several other 
mechanisms that can cause either compression or tension with oxides described by PBR > 1 
[77].  It is evident that PBR considerations cannot accurately be applied to anodic alumina, 
where an electric field is driving migration of both anionic and cationic species.   
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Another source of stress results from the anodization process driving film growth.  
Alumina is a dielectric material, and during anodic oxidation the film supports very large 
electric fields on the order of 109 V/m.  This results in a compressive electrostatic stress.  The 
electric field is driving anions and cations in opposite directions, effectively separating the 
charges.  The resistance to this motion and the attraction of the charges causes a compressive 
stress in the direction of the electric field.  More specifically, the electrostatic stress consists 
of two components: the Maxwell stress and electrostriction.  The former is a result of 
coulombic attractions, while the latter is a second order coupling between strains and the 
electrostatic field [78].  The compressive stress normal to the material surface is generally  
represented as being proportional to the dielectric constant, ε, and the square of the electric 
field, E, following [79] 
 2
8
ε
E
π
σ =⊥  (2.16) 
This compressive stress only occurs during polarization and will relax when anodizing is 
halted.  In a study of the dielectric and electrostrictive properties of anodized thin films, 
Vanhumbeek and Proost determined the electrostatic stress in isotropic solid dielectric 
following 
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where ε0 is the permittivity of free space, ε
u is the relative dielectric constant of the material, 
and α1 and α2 are both electrostriction parameters presented as functions of ε
u [78]. 
Epitaxy between the oxide and the metal is commonly cited in work on high 
temperature oxides, but seldom so in anodic film studies.  Anodic alumina is known to be 
amorphous in nature [63], and has shown the ability to plastically deform in order to 
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accommodate foreign incursions or growth and coalescence of oxygen bubbles [49, 50].  
Also, at the initiation of porosity the metal is already covered by an oxide film.  For these 
reasons epitaxy is not considered to be a major source of stress during growth of porous 
alumina. 
Compositional effects have been proposed as sources of stress in anodic oxides.  
Oxide layers would have to strain in order to accommodate different oxides, 
inhomogeneities, or variations of concentration, resulting in misfit stress.  Vermilyea 
measured stresses in anodic films and explained his observations in terms of a dynamic 
process involving film hydration [80].  As the hydrated outer layer is buried in the film by 
newer oxide, it is dehydrated by proton migration.  Porous anodic films are known to 
incorporate water as well as varying amounts of the acid anion, as discussed in Section 2.1.3.  
With the available range of pore geometries being dependent on the acid used during 
anodization, it is likely that the acid anions do play a significant role in the formation 
mechanism.  The adsorption behavior of sulfate anions has been studied by Wieckowski et al. 
[81-83] as well as Rajan [84], the latter of which discusses the effects of sulfate adsorption 
on the local ligand rearrangement and space charge.  The disruption of the natural atomic 
spacing and local electroneutrality can cause stress in the film. 
2.4.2  Stress Measurements on Anodized Aluminum 
A popular method of measuring stresses in anodic films is an adaption from work 
done by Stoney, who studied the stress resulting from the electrodeposition of nickel onto 
steel substrate [85].  The Stoney method uses elongated strips of foil with one end of the 
specimen clamped in a stationary position.  The motion of the free end of the specimen is 
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monitored while one side of the foil is anodized.   The deflection of the sample indicates the 
development of stress.  Tendencies of the film to expand or contract as it grows on the metal 
substrate will result in curvature of the foil.  The radius of curvature, r, is related to the stress, 
σ, following 
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where E is Young’s modulus of the foil, t is the thickness of the metal foil, and d is the 
thickness of the oxide on the metal.  Over the decades various authors have proposed 
refinements upon Equation 2.18 to account for lateral strain, differences in the elastic moduli 
of the oxide and its substrate, and nonuniformity of the stress distribution within d. 
Some of the earliest work on stresses in anodic films was performed by Vermilyea 
[80].  He applied the Stoney method following Equation 2.18 while anodizing a variety of 
metals.  The measured deflections were notably more compressive with the forming voltage 
applied than at zero voltage, particularly for aluminum and titanium.  This effect is associated 
with electrostriction.   
Bradhurst and Leach [52] performed deflection measurements on aluminum and 
report the effects of current density as well as oxide thickness (grown at constant current 
density) on the stress.  They note the stress inherent in the film as well as the electrostatic 
compression during anodization.  Using ammonium borate and ammonium citrate solutions, 
they show that the stress can be either tensile or compressive depending largely on the 
current density.  Compressive deflections are observed below ca. 1 mA/cm2, while larger 
current densities had tensile deflections. 
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The work of Nelson and Oriani [79] is very similar to that done by Bradhurst and 
Leach, and it is in good agreement.  They performed deflection measurements following the 
Stoney method in 0.1 M H2SO4 for titanium and aluminum.  The deflection was related to the 
stress following 
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where vM is Poisson’s ratio of the metal.  Equation 2.19 is essentially equivalent to Equation 
2.18 with the addition of ( )Mv−11  to account for lateral strain components and the 
substitution of the radius of curvature in terms of the measured deflection, z, and the sample 
length, L, following 
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The compressive stress associated with electrostriction increased linearly with potential 
during growth of the oxide.  For aluminum, the deflections are compressive at low current 
densities and become tensile above 0.6 mA/cm2.  The development of tensile stress is 
discussed in terms of volume considerations of metal ionization occurring at the metal-film 
interface. 
Moon and Pyun [86, 87], and in an independent study shortly after, Benjamin and 
Khalid [88], both studied the effect of acid concentration and current density on the 
deflection behavior of aluminum in sulfuric acid with very similar results. At 0.5 M H2SO4, 
the deflections became systematically more tensile as the current density increases.  
However, at larger concentrations of sulfuric acid, the rates of deflection appear nonlinear in 
their dependence on the current density.  Still, the most tensile behaviors were observed with 
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the largest current densities.  The results were discussed in terms of the formation and 
annihilation of anion and cation vacancies.  
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CHAPTER 3.  ELECTRICAL MIGRATION MODEL OF POROUS 
ALUMINA 
The growth of the film is completely driven by anodic polarization, no matter whether 
it is performed galvanically or potentiodynamically to produce either porous or barrier type 
films.  Polarization establishes an electric field within the oxide film, drives ionic conduction 
and interfacial ion transfer reactions, and may induce reactionary phenomena such as 
electrostriction or field-enhanced oxide dissolution.  Discontinuation of the applied 
polarization stalls virtually all activity in the film.  Therefore, the electrochemical processes 
occurring within the film are a natural origin for the development of a quantitative model. 
3.1  Mathematical Methods and Procedures 
Of fundamental importance in these electrochemical processes is the behavior of the 
electric field, which controls ion transport in the oxide.  The electric field, E, is simply the 
gradient of the electric potential, φ , 
 φ−∇=E  (3.1) 
Both of which are related to the charge density, eρ , by 
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where is oε  the permittivity of free space, and K is the dielectric constant.  These equations 
describe the behavior of the electric field.  Applying conservation of mass laws on the charge 
carrying species in the oxide yields 
 0=•∇ AlN  (3.3) 
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and 0=•∇ ON  (3.4) 
Combining these two equations gives the steady state flux balance on the current density, 
 0=•∇ i  (3.5) 
The current density was related to the potential field by 
 ( )φ
φ
φ
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−= Bia sinh2 oi  (3.6) 
which is essentially Equation 2.3 using the more general hyperbolic sine.  The exponential 
form strictly describes high-field conduction whereas hyperbolic sine also transitions to 
ohmic conduction when ∇φ approaches zero.  Equation 3.6 is also written for conduction in 
two dimensions.  Substuting Equation 3.6 into Equation 3.5 yields 
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The value for the parameter B can be taken from experimental measurements on porous 
anodic alumina made by Ebihara et al. [21]. 
Equation 3.2 and Equation 3.7 are two separate equations that can be used to 
determine the potential distribution in the oxide.  The two equations are not inconsistent; 
however, depending on the assumptions made on the space charge in the oxide, one equation 
will be more appropriate than the other.  If no space charge in the oxide is assumed, then 
Equation 3.2 simply becomes Laplace’s Equation, i.e. 
 02 =∇ φ  (3.8) 
Other mathematical models of porous anodic films are based on Equation 3.8 [61, 89]. 
A key step in developing the model was determining how to represent all of the 
physical aspects of the aluminum metal, oxide, and solution that could be involved in the 
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pattern formation.  Each pore was taken as a single repetitive unit, which is well 
approximated as being circular in nature when viewed from above, such as in Figure 2.2.  
Cross-sectional electron micrographs reveal that the scalloped depression into the metal is 
also very spherical (Figure 1.1).  With the fundamental structure of the pattern being a 
section of a spherical surface, the geometry is easily represented in terms of basic shapes.  
Figure 3.1 shows a schematic depiction of the porous oxide’s cross-section with 
measurements from anodization at 100 V in 0.4 M phosphoric acid [10].   
 
Figure 3.1  Schematic diagram of the barrier layer and pore geometry of a 100 V film in 
0.4 M phosphoric acid.  r = pore diameter; b = radius of curvature of pore base [10]. 
Figure 3.2 illustrates how the geometry is represented in the model.   
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Figure 3.2  Outline of the model’s domain, representing a cross-section of the porous 
oxide. 
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R1 and R2 are the radii of the concentric spheres that form the film-solution and metal-film 
interfaces, respectively.  R3 defines the degree of curvature at the ridge-top.  θο is the angle 
from the central axis of symmetry to the ridge-top (more specifically to where the ridge-top 
would be if it were an infinitely sharp point), and δ is the oxide thickness.  θ is also used as a 
coordinate from θ = 0 (a vertical line downward following the axis of symmetry) up to θο.  
For some cases elliptic film-solution interfaces were considered as indicated by the oxide 
thickness along θο, δ'.  The degree of ellipticity was indicated by the ratio δ'/δ which ranged 
from 1.0 (spherical) to 1.05. 
Only half of the cross-section is needed because of the model’s intrinsic symmetry.  It 
is rotationally symmetric about the vertical line passing through the lowest point in the 
scallop, which allows for a two-dimensional cross-sectional plane containing this line to 
represent the full three-dimensional structure.  Similarly the reflective symmetry of the cross-
sectional plane across the same vertical centerline further decreases the required domain size 
to model the three-dimensional geometry. 
The boundary conditions for both Equation 3.7 and 3.8 were set so that the left and 
right edges of the domain met a no flux condition across the boundary, 
 0=∇φ  (3.9) 
The metal-film boundary along the bottom of the domain was set to 
 V=φ  (3.10) 
where V is the applied anodizing voltage.  The film-solution interface was set to 
 0=φ  (3.11) 
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which neglects any overpotential in the scallop region.  For typical anodizing current 
densities, the overpotential, Iη , is expected to be no greater than 100 mV.  Since Iη  << V, 
the film solution interface was set to zero potential instead of being set to Iη . 
Once the potential field is determined over the entire domain, the interfacial velocities 
along the metal-film and scalloped region of the film-solution interfaces were identified.  The 
normal component of the current density is simply 
 ni •=ni  (3.12) 
where n is the unit normal vector along the interface.  The velocity of the film-solution 
interface is derived from a balance on oxygen ions across the interface, 
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where tΟ is the transport number for the oxygen species in the oxide, ε is the current 
efficiency, F is Faraday’s Constant, and Cox is the molar concentration defined as 
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C
ρ
=ox  (3.14) 
Each term in Equation 3.13 has units of moles per time per area.  The left-hand side of the 
equation is the net removal of oxygen from the interface, accounting for the fact that the 
molar density of oxygen is stoichiometrically three times larger than that of alumina.  The 
first term on the right-hand side of Equation 3.13 represents the portion of the current 
associated with O2- migration following the direction of the electric field away from the film-
solution interface towards the bulk aluminum metal.  The second term is the fraction of the 
current that goes towards oxygen ion transfer, specifically the rate of the water splitting 
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reaction of Equation 2.7.  This action adds oxygen to the interface.  Equation 3.13 can be 
solved for the interfacial velocity, yielding 
 ( )
ox
n
solutionfilmn, 6FC
i
tv O ε−=−  (3.15) 
The downward interfacial velocity for the metal-film interface is similar; the key difference 
being that interface’s position is not determined by a competing source/sink relationship, but 
rather simply by the rate of oxygen ions reaching the metal. 
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The determination of the interfacial velocity profiles is important because for a time 
invariant surface pattern, the downward components of the interfacial velocity for both the 
film-solution interface and the metal-film interface must be equal and spatially uniform.  
Equality of the interface velocities near the pore axis leads to the specification of the ratio of 
the radii of curvature for the two interfaces, 
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1  (3.17) 
This relationship comes from setting Equation 3.15 and Equation 3.16 equal.  The total 
current passing through each interface must be the same at steady state; therefore the ratio of 
the current densities will simply be the reciprocal of the ratio of the interfacial areas.  
Expressing the areas in terms of the radii shown in Figure 3.2 and simplifying yields 
Equation 3.17, which defines the ratio of the radii in terms of ε and tO.  Interestingly this 
implies that a condition for steady-state film growth is ε < tΟ, which allows the film-solution 
interface to move into the metal along with the metal-film interface by oxygen migrating 
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faster than it is being deposited at the interface.  For typical anodizing current densities in 
neutral solutions, ε approaches 1.0 and would be larger than tO.  It is no surprise then that the 
film that develops is not porous but rather a flat, planar oxide.  According to Equation 3.17, 
factors that affect the current efficiency such as current density and pH should also affect the 
film porosity. 
The time derivative of the film-solution interface profile, ( )trz ,fs , is dependent on the 
normal velocity and the local curvature following 
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and the analogous equation for the metal-film interface is 
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In calculations of tz ∂∂ /fs , the current efficiency, ε, was approximated as a constant, 
independent of position along the interface.  This assumption is supported by Figure 2.10, 
which shows a calculation of the current efficiency at acidic pH values, based on kinetic 
parameters estimated from the measurements of Valand and Heusler [73].  The figure shows 
that ε has a fairly weak dependence on the interface current density, as it is an approximately 
linear function of ( )fslog i . 
The model was nondimensionalized to reveal parameters that control its behavior and 
that might influence the stable surface pattern.  Calculations were carried out to test how 
individual parameters affected the uniformity of the interfacial velocity.  The geometry was 
nondimensionalized with respect to δ, so that 
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This is also illustrated in Figure 3.3. 
 
Figure 3.3  Outline of the dimensionless model’s domain. 
The potential was made dimensionless by 
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This results in Equation 3.7 becoming 
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and only changes the boundary condition along the metal-film interface, 
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The model used the software packages FEMLAB and MATLAB to solve the partial 
differential equations that govern the potential field in the oxide.  The two programs are 
complementary, and they can be run together to expand the capabilities that either has 
individually.  FEMLAB specializes in multiphysics modeling, while MATLAB provides a 
powerful technical computing language and environment.  The Finite Element Method 
(FEM) is used to solve the PDEs over the atypical geometry that represents the model’s 
domain.  This method approximates a PDE problem with one that has a finite number of 
unknown parameters.  The domain is partitioned into a triangular mesh.  The original 
problem is discretized, introducing finite elements or shape functions (typically piecewise 
polynomials that describe the solution on each mesh element).  Each node in the mesh also 
has a degree of freedom and a basis function, the latter of which must be continuous over the 
domain.  The nonlinear solver uses an affine invariant form of the damped Newton method.  
The relative error is the weighted Euclidean norm, and iterations stopped when the default 
tolerance of 10-6 was met. 
3.2  Results and Discussion 
Numerical computations were carried out to simulate the steady-state growth of 
porous anodic alumina at 100 V in 0.4 M phosphoric acid.  The field coefficient, B, was set 
to 12.1 nm/V, an average of experimentally obtained values reported by Ebihara et al. [21].  
A value of the conduction parameter iao was selected so that the current density at the pore 
axis was close to the experimental average current, 5 mA/cm2 [10].  The oxygen transport 
number in the film, tΟ, was taken to be 0.6 from measurements reported for anodic barrier 
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oxide growth [90].  The current efficiency, ε, was selected so that the speeds of the film-
solution and metal-film interface profiles at the pore axis were equal. 
Two cases were solved.  The first determined the potential distribution following 
Laplace’s equation (Equation 3.8).  The second case explicitly incorporates high-field ionic 
conduction according to the current continuity equation (Equation 3.7).  These results were 
then used to determine the time derivatives of the interface profiles (Equations 3.18 and 3.19) 
to test whether the simulation results meet the criteria of time invariance associated with the 
steady-state geometry.  The parameter values that describe the geometry and anodizing 
conditions for both cases are summarized in Table 3.1. 
Table 3.1  Values of base case parameters, both dimensional and dimensionless. 
Common Model Parameters 
 
 V   100 volts  
 B   12.1 nm/volt  
 R1   90.6 nm  
 R2   194.6 nm  
 R3   10 nm  
 θο   44°  
 
δ
BV
   11.65  
 
1
2
R
R    2.15  
 
1
3
R
R    0.11  
 tΟ   0.6  
Laplace’s Equation Parameters 
 
Current Continuity Equation Parameters 
 
iao 1.04 × 10-19 A/nm2 iao 8.85 × 10-22 A/nm2 
ε 0.6 ε 0.46 
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The values of V, R1, R2, and θο are all from experimental measurements reported by 
O’Sullivan and Wood [10].  Although the slightly rounded nature of the ridge-top was not 
explicitly considered or discussed in their work, analysis of cross-sectional electron 
micrographs (Figure 1.1(b)) yielded a ridge-top radius of curvature, R3, of roughly 10 nm. 
3.2.1  Laplace’s Equation 
The assumption that the oxide contains zero space charge yields the computationally 
simplest case.  It does give some insight on the effect the interface morphology has on the 
potential field, even if there is some evidence that could discredit this assumption.  Previous 
simulations of porous alumina have assumed that the potential is governed by Laplace’s 
Equation [61, 89], which is the result of this assumption, as described in Equation 3.8.  
Figure 3.4 shows the resulting dimensionless potential distribution. 
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Figure 3.4  Contour plot of the potential distribution based on Laplace’s equation.  The 
film-solution and metal-film interfaces are at 0 and 100 V, respectively. 
At low values of θ (< 0.1 radian), the electric field is essentially one-dimensional.  In 
the ridge-top region the increased gradient of the potential distribution is quite dramatic, 
resulting in what is termed a curvature-enhanced electric field.  The curvature enhancement 
 50 
 
results in an electric field that is four times stronger near the ridge-top than it is near the pore 
axis, as seen in Figure 3.5. 
 
Figure 3.5  Electric field strength along the film interfaces predicted using Laplace’s 
equation. 
This occurs because the current is able to spread out from the convex ridge-top toward the 
film-solution interface, and although the contribution of the current lines reaching up into the 
pore wall is smaller in magnitude, they all converge on the ridge-top.  This can be seen in the 
streamlines of Figure 3.6. 
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Figure 3.6  Streamline plot of the vector field φ∇ .  Color scale represents the 
magnitude of the dimensionless potential, φ
(
, which dimensionally spans 0 to 100 V. 
The curvature-enhanced electric field results in a dramatic increase in the metal-film 
interface’s velocity, reaching 2×109% of the velocity at θ = 0°.  This degree of nonuniformity 
is physically unrealistic and clearly incompatible with the requirement that the interface 
velocities be constant.  Furthermore, Figure 3.7 illustrates that Laplace’s equation leads to a 
violation of current continuity. 
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Figure 3.7  Interface current densities predicted using Laplace’s equation. 
In the region near the pore axis, the current density at the film-solution interface is 
seven orders of magnitude larger than that at the metal-film interface.  Thus, previous 
simulations which assumed no space charge in the film [61, 89] are inconsistent with the 
experimentally validated high-field conduction law.  This implies that space charge does 
exist in the oxide and is necessary to maintain current continuity.  It can consist of oxygen 
and aluminum ions as well as OH-, H+, and anions from the acid that can be incorporated into 
the film [91-93].  Bunker et al. found that the hydroxide content of amorphous alumina is 
higher than the concentration of any other defect, reaching 15 at. % when immersed in water 
[93]. 
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3.2.2  Current Continuity Equation 
In contrast to the predictions of Laplace’s equation, the potential distribution from the 
current continuity equation, Equation 3.7, is very uniform with evenly spaced isopotential 
lines as seen in Figure 3.8. 
 
Figure 3.8  Contour plot of the potential distribution based on the current continuity 
equation.  The film-solution and metal-film interfaces are at 0 and 100 V, respectively. 
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The most notable differences are in the pore base region of the film-solution interface and the 
ridge-top region of the metal-film interface.  A more quantitative comparison can be made 
with Figure 3.9, which also shows that the electric field is one-dimensional over a much 
larger section of the domain. 
 
Figure 3.9  Electric field strength along the film interfaces predicted using the current 
continuity equation. 
The electric field is effectively independent of the angular position up to θ ~ 0.6 radian.  
Within this region, the field differs by only 10% between the film-solution and metal-film 
interfaces.  Because the current is exponentially dependent on the electric field, this small 
variation is sufficient to maintain the same net current passing through each interface.  Figure 
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3.9 also indicates that there is curvature enhancement of the electric field near the ridge-top.  
However, the enhancement is only 5% as opposed to the 280% enhancement in Figure 3.5.  
The relatively smaller effect of the ridge-top curvature is due to the high sensitivity of the 
current density on the electric field.  There is a large energetic penalty to pay when 
lengthening a current’s path through the oxide.  This also explains why the curvature 
enhancement is much more localized to just the ridge-top. 
The current continuity equation indicates that there is space charge within the oxide 
film, as its potential distribution does not satisfy Laplace’s equation.  Because the electric 
field along the pore axis is nearly constant and oriented along the axis, the space charge in 
this region can readily be estimated using Poisson’s equation (Equation 3.2).  The result is 
 
R
K Eo
e
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−≅ρ  (3.24) 
where R is the distance from the origin (Figure 3.2) to a point in the film.  Using K = 10, E  
= 1 V/nm, and R = 150 nm, eρ  is found to be equivalent to approximately 0.007% of the 
charge density due to O2- ions.  This small amount of charge may be accommodated by 
nonstoichiometry, especially because the aluminum surface oxides in aqueous solutions 
contain appreciable quantities of hydrogen, at least some of which is in the form of mobile 
protons [92, 93].  It is then reasonable to infer that mechanisms are available to adjust the 
space charge in order to maintain the potential distribution dictated by current continuity, 
which yields a much more realistic potential distribution than Laplace’s equation. 
While the current continuity equation predicts a well behaved potential distribution 
with an electric field that is radially one-dimensional for most of the domain, interface 
evolution calculations show profiles that are not uniform, as illustrated in Figure 3.10. 
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Figure 3.10  Time derivatives of the interface height profiles predicted using the current 
continuity equation. 
The metal-film interface height at the ridge-top decreases at a rate three times faster than that 
near the pore axis.  In addition to this nonuniformity from the curvature-enhanced electric 
field, the interfacial velocities are increasing with θ across the whole domain.  This is a result 
of the radially one-dimensional nature of the electric field, and hence the normal velocities, 
nv , for both interfaces.  Thus, Equations 3.18 and 3.19 reduce to ( )θcos/nv  for the 
respective interface.  In fact, the results in Figure 3.10 precisely follow this ( )θcos/1  
dependence in the scalloped region of the domain.   
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As presented earlier in Figure 3.2, the film-solution interface was allowed to have in 
elliptic profile as indicated by several cross-sectional TEM images, where the ratio δ'/δ can 
be as large as 1.05 [29].  While such a small feature may seem insignificant, the high 
sensitivity conduction has on the electric field results in even small perturbations in the 
interface profile having a visible effect on the interface velocity.  Figure 3.11 shows metal-
film interface profile time derivatives for 1.0 ≤ δ'/δ ≤ 1.05. 
 
Figure 3.11  Effect of elliptic film-solution interface profiles on time derivatives of the 
metal-film interface height profiles predicted using the current continuity equation.  
Labeled values indicate the degree of ellipticity indicated by the ratio of the oxide 
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thickness along θο to the thickness at the pore axis, δ'/δ (see Figure 3.2).  The dashed 
line indicates the interface speed at the pore axis. 
The interface speed is reduced across the scallop as well as locally at the ridge-top as δ'/δ 
increases.  Uniform interface motion is achieved for the majority of the domain for a ratio of 
1.023, strongly suggesting that the elliptic shape of the film-solution interface is important in 
controlling the uniformity of the interface speed in the scalloped region.  Still, such fine 
adjustments of the interface shape only have a limited effect on the interface speed at the 
ridge-top where the oxidation current density is intrinsically enhanced by the local curvature. 
The transport processes and interfacial reactions contributing to the formation and 
growth of porous alumina are illustrated in Figure 3.12, which depicts the migration velocity 
vectors of Al3+ and O2-. 
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Figure 3.12  Ion migration velocities in the porous film predicted by the current 
continuity equation with δ'/δ = 1.023.  The left half represents Al3+ and the right half 
represents O2-.  Interfacial reactions are indicated by bold arrows. 
The migration velocities relative to a reference frame moving with the oxide are 
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where the first term in each equation represents the velocity in the stationary reference frame, 
and the second term is the correction due to the uniform reference frame velocity.  The 
reference velocity is taken as the local metal-film interface velocity at the pore axis (Equation 
3.16); this term represents a uniform upward pseudoconvective velocity.  As indicated in the 
figure, Al3+ ions are oxidized and incorporated into the film along the metal-film interface.  
Those beneath the pore base are ejected into the solution, while those beneath the pore wall 
contribute to accumulation of oxide and continued pore wall growth.  Oxygen enters the film 
as O2- along the pore base of the film-solution interface.  Its initial migration velocity slows 
as the migration vectors spread to fill a larger area of the spherical-shaped film.  
Simultaneously the horizontal components of the migration vectors continue to move oxygen 
laterally towards the pore wall.  Eventually the upward pseudoconvective velocity exceeds 
the downward migration causing the O2- to exit the barrier region of the film traveling 
upwards into the pore wall (in the stationary reference frame the oxide in the pore wall would 
be immobile while the barrier region moves into the bulk metal).  Unlike models based on 
field-assisted dissolution, the present model accounts for both recession of the film-solution 
interface at the pore bottom, accumulation of oxide in the pore walls, and retention of oxygen 
species in the film. 
3.3  Conclusions 
A model was developed to reveal the physical and chemical processes responsible for 
the self-organized growth of highly ordered porous anodic alumina.  The model determines 
the potential distribution within the film, which is then used to determine the evolution of the 
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interface profiles.  Two approximate models of the potential were considered, one developing 
from the assumption of no space charge in the film (Laplace’s equation), and the other based 
on continuity of the current passing through the film.  In both models, the conduction current 
density obeyed the well-known high-field conduction law.  Steady-state film growth of the 
porous structure implies time invariance of the interface profile evolution.  This criterion was 
used to evaluate the model’s ability to predict a stable, experimentally observed pore 
geometry using both Laplace’s equation as well as the current continuity equation.  Previous 
models of porous anodic alumina obtained the potential distribution from Laplace’s equation 
[61, 89, 94]. 
The Laplace’s equation model produced current densities that varied by seven orders 
of magnitude along the metal-film interface as well as between the metal-film and film-
solution interfaces in the region of the pore base.  The former is clearly inconsistent with the 
criteria for time invariant interface evolution.  The latter is a dramatic violation of current 
continuity.  Both are physically unrealistic and indicate that there is space charge in the oxide 
and that it is necessary to get a reasonable approximation to the potential distribution.  With a 
slightly elliptic film-solution interface, the current continuity equation produced uniform 
interface evolution profiles across the scalloped portion of the domain with an interface 
velocity enhanced by a factor of two at the ridge-top due to the intrinsic effects of the local 
curvature.  Only a small amount of space charge is needed to satisfy current continuity, 
equivalent to less than 0.01% of the ion concentration in the film; thus, the current continuity 
equation provides a physically realistic approximation to the potential distribution.  Because 
the high interface velocity at the ridge-top is an intrinsic effect of the local curvature, 
additional phenomena other than ionic conduction that is capable of inhibiting or suppressing 
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interfacial motion in the area of the ridge is needed to fully explain the time invariance of the 
steady-state porous geometry. 
  
 63 
 
CHAPTER 4.  COUPLED ION MIGRATION AND STRESS-DRIVEN 
TRANSPORT MODEL FOR POROUS FILMS 
A survey of the literature on the formation mechanisms of porous anodic alumina will 
generally reveal two schools of thought.  One emphasizes the importance of the electric field, 
while the other emphasizes the importance of mechanical stress.  Here, a model was 
developed that explicitly considers both mechanisms.  In fact, the two mechanisms are 
coupled together in a natural fashion 
4.1  Introduction 
There are two primary sources of motivation for bringing stress-driven flow into the 
model.  The first is the result from conduction calculations that indicate the need for some 
other mechanism to enable time invariant domain evolution.  This initially brought attention 
to the direct effects that acid anion contaminants and vacancy defects could have on anodic 
growth, which yielded interesting but not wholly compelling results.  The second was the 
unique series of tungsten tracer experiments performed by Thompson et al. [45-48].  These 
experiments are of particular interest because they reveal a distortion of the tungsten layer 
that would suggest that the tungsten cations behave like anions with respect to their 
movement by electrical migration.  The increased velocity in the pore walls relative to the 
rate of progression into the metal is observed by both the height of the walls as well as the 
motion of the tracers.  The only clear explanation for this is material flow.  The observed 
tracer motion indicates that the flow overcomes both continued movement of the oxide into 
the bulk metal as well as the migration of the tungsten.  These experiments provide a direct 
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observation into the transport of material in the barrier region of the oxide, and indicate 
material flow without relying on an explanation such as volume expansion.  They also reveal 
that flow, rather than elastic expansion, is the source of the measured “volume expansion 
factor”. 
The approach taken in this section is similar to that of the current continuity model of 
Chapter 3.  The model’s domain consists of a single pore with axial symmetry reducing the 
full three-dimensional structure to a two-dimensional cross-section.  The steady-state 
geometry was established based on reported measurements in the literature.  However, 
instead of modeling one particular case (i.e. phosphoric acid at 100 V), the scope of model 
was expanded to include a range of anodizing voltages for the three most common acids.  
The governing equations that begin with charge conservation were extended by adapting the 
continuum theory introduced by Suo and coworkers [95, 96].  Here, creep is generated by 
reactions at material interfaces as well as by divergence of diffusion or migration fluxes 
within the material.  The last notable change in the modeling approach involves the boundary 
conditions.  The process of postulating a detailed mechanism to counter the intrinsic 
curvature enhancement of the electric field and then checking the time invariance of the 
interface evolution profiles was circumvented by enforcing time invariance as a condition on 
the boundary. 
4.2  Mathematical Methods and Procedures 
Charge conservation dictates that the divergence of the current density, i, is zero, 
 0=•∇ i  (4.1) 
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which allows the existence of space charge in the oxide.  In this continuum model, oxygen 
anions and aluminum cations were allowed to migrate independently, with each contributing 
to the current density following 
 MO JJi FF 32 +−=  (4.2) 
where F is the Faraday constant, each term’s numerical coefficient arises from the sign and 
magnitude of the ionic charge, and JO and JM represent the flux of oxygen and aluminum 
species, respectively.  The ionic flux is typically defined by an empirical high-field 
conduction relationship.  This was generalized to account for stress migration in a fashion 
similar to work by Battaglia and Newman, who derived relationships between ionic fluxes 
and chemical potential gradients appropriate to the high electric fields found in anodic films 
[97], 
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Here, the subscript i is M for metal ions and O for oxygen ions.  Ci, µi, and 
ο
iu  are the molar 
concentration, chemical potential, and mobility of the ion, respectively, and a is a migration 
jump distance.  Allowing the cationic and anionic species to migrate independently avoids 
the use of the transport number, tΟ, and the implicit assumption that it is constant, as was 
made in Chapter 3.  In this model, the relative transport rates of the ions are determined by 
the interface volume conservation requirement.  The molar concentrations are defined as 
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Here, CO is simply the reciprocal of the molar volume of the oxygen in the film, OV , which 
is stoichiometrically related to the quotient of the film’s molecular weight and density.  The 
density of the anodic film was treated as a constant [98], and the volume occupied by 
aluminum cations was neglected, thus CM is stoichiometrically related to CO to ensure 
electrical neutrality.  This last assumption is based on the fact that Al3+ ions only fill an 
estimated four percent of the film’s volume, based on the ionic radii of 0.5 and 1.4 Å for Al3+ 
and O2-, respectively.  The oxygen chemical potential includes contributions from the 
electrostatic energy and the stress, 
 σφµµ ο OOO VF −−= 2  (4.6) 
where F is the Faraday constant, φ  is the electric potential, and σ is the mean stress.  The 
mean stress is positive if tensile and negative if compressive.  The chemical potential of the 
metal ions is unaffected by stress because of their negligible contribution to the oxide 
volume, 
 φµµ ο FMM 3+=  (4.7) 
The treatment of aluminum cations as point charges also results in the absence of an 
aluminum species term in the volume balance,  
 ( ) 0=+•∇ vJOOV  (4.8) 
This equation couples migration and the creep velocity, v, and enforces conservation of 
volume.  The creep velocity is also coupled with the mean stress, σ , by the momentum 
balance,  
 ( )vv •∇∇+∇+∇=
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which accounts for pressure gradients and viscous forces within the oxide and includes the 
film’s viscosity, η.  The assumption of Newtonian flow dictates a linear relationship between 
the stress and the strain rate, as was observed in the ion beam studies discussed in Section 
2.1.5.  This Newtonian behavior was also incorporated into a model of the processes 
occurring during ion irradiation that is in good agreement with measured data. 
The model’s domain was established in a similar fashion as was done in previous 
work.  A single pore was taken to represent the film as the simplest repetitive unit.  Its 
hexagonal shape is approximated as being circular in nature.  This allows full representation 
of the three-dimensional pore with a much simpler two-dimensional cross-section.  The 
depression of the pore base into the bulk metal is spherical along both the metal-film and 
film-solution interfaces.  The interpretation of the film-solution geometry was modified with 
respect to Chapter 3.  The sharp transition from pore base to pore wall as seen in Figures 3.1 
to 3.3 was replaced with a smooth transition and a continuous slope as seen below in Figure 
4.1.  
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Figure 4.1  Outline of the model’s domain. 
While sharper transitions are apparent in several electron micrographs, particularly 
those at lower anodizing voltages [29], smooth transitions are more characteristic for the 
extremely well ordered conditions that develop as the limiting anodizing potential is 
approached [99].  The top of the pore wall was set at a position so that the total height of the 
domain was 7/3·R2.  This position is somewhat arbitrary so long as it is tall enough to have 
negligible influence on the potential and stress distributions that develop below in the 
electrochemically active barrier region.  Following this set of geometric guidelines, the 
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model’s domain is completely defined by three geometric parameters: the ratio of the radii of 
curvature of the two interfaces, R2/R1; the oxide thickness along the pore axis, δ; and the 
angle from the pore axis to the ridge-top of the metal-film interface, θο.   
The dependent variables to be solved for are φ , σ , and v.  More specifically, 
Equation 4.9 can be written in scalar form yielding two equations and the dependent 
variables φ , σ , vr, and vz.  The system of partial differential equations is constrained by four 
conditions at each boundary.  The left and right edges of the domain enforced a no flux 
symmetry condition, 
 0=∇• φn  (4.10) 
 0=∇• σn  (4.11) 
 0=• vn  (4.12) 
In the above equations, n is the unit normal vector along the boundary.  The top of the pore 
wall was treated as an outlet allowing passage of material with continued oxidation in the 
moving reference frame (following the oxide into the bulk metal).  With the pore wall top 
being drawn horizontally flat, this condition implies only normal flow, 
 0=• vt  (4.13) 
where t is the unit tangent vector along the boundary.  Also, the pore wall top was set 
sufficiently far enough from the metal-film interface to ensure zero electrostatic potential and 
zero stress, 
 0=φ  (4.14) 
 0=σ  (4.15) 
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The metal-film interface was not set to a constant potential as in previous work, but 
rather it was set to enforce uniform interface motion as is observed in the stable, steady-state 
geometry.  Boundary conditions were derived from a general conservation equation for 
material interfaces [100].  The condition on the electrostatic potential results from a balance 
on the aluminum metal atoms: 
 nvni ref •Ω
−=•
F3
 (4.16) 
where Ω is the molar volume of the bulk aluminum metal and vref is the rate of stable 
interfacial motion determined by the nominal current density measured during anodizing, 
inom, following 
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



Ω
−= nomiF3
0
refv  (4.17) 
The right-hand side of Equation 4.16 converts the rate of aluminum metal consumption by 
means of oxidation (as shown in Figure 2.9) into a flux of electrical charge, which is by 
definition equivalent to the current density.  Because vref has a horizontal component of zero 
and a constant vertical component, Equation 4.16 dictates a stable interface evolution profile.  
To account for the creep generated by reactions at material interfaces, the conservation 
equation was applied to O2- ions at the metal-film interface.  With oxygen being the only 
volume carrying species represented in the oxide, the oxygen balance at the interface is 
exactly proportional to an interfacial volume balance by a factor of OV .  Solving for v yields  
 ( ) nvJnv refO •−−=• OV  (4.18) 
The first term on the right-hand side of the equation is the flux of oxide to the interface by 
migration.  The second term is the velocity of the interface.  The left-hand side of the 
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equation is the flux of oxide away from the interface by stress-driven material flow.  Zero 
stress conditions may also be enforced following the oxide being in equilibrium with the 
metal in an unstressed state, 
 [ ] 0=•• tσn  (4.19) 
 [ ] 0=•• nσn  (4.20) 
Here, σ  is the stress tensor.  The bracketed portion of each equation is the stress vector 
acting on the interface.  Equation 4.19 enforces zero tangential stress, and Equation 4.20 
enforces zero normal stress at the interface.   
At the film-solution interface, the anodizing potential drops to zero volts, 
 0=φ  (4.21) 
This neglects any overpotential that certainly exists at least in the scalloped region of the 
pore base.  However, for typical anodizing current densities the interfacial overpotential, Iη , 
is typically 100 mV or less.  This is orders of magnitude smaller than the anodizing potential 
and should have a negligible effect on the potential distribution.  The velocity of the stress-
driven flow at the film-solution interface is determined in similar fashion to that at the metal-
film interface.  Application of O2- ion conservation at the interface yields 
 nvJinv refO •







−+−=• O
O V
F
V
2
ε
 (4.22) 
As with the metal-film oxygen balance, the film-solution oxygen balance is proportional to 
an interfacial volume balance by a factor of OV .  Here, the balance also includes a source 
term, as seen on the right-hand side of the equation with the product of the current efficiency, 
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ε, and the current density.  This term represents the addition of oxygen to the film from the 
solution.  The second term is the rate at which migration is moving oxide volume, only this 
time it is away from the interface.  The film-solution interface is essentially a free surface, 
described by zero tangential and zero normal stress, 
 [ ] 0=•• tσn  (4.23) 
 [ ] 0=•• nσn  (4.24) 
The governing equations seen in Equations 4.1, 4.8, and 4.9 pose a numerically 
challenging system to solve.  The stiff behavior of the exponential high-field expression is 
even more troublesome because of the coupling between the dependent variables.  In order to 
reliably reach convergence to a solution over the entire range of parameter space and 
experimentally observed geometries, stress migration was neglected.  This removed the 
dependence of migration on the stress field.  Equation 4.3 can then be written in the well-
known high-field conduction form,  
 




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RT
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φ ο 3sinhMJ  (4.26) 
This significantly reduces the nonlinearity of the system and the difficulty reaching a 
solution; the stress and flow fields now have only a one-way coupling with the potential 
field.  Because the resulting problem was first order in the mechanical stress, σ, the normal 
stress boundary conditions were dropped.  The magnitude of the error due to this 
approximation depends on the viscosity and will be discussed later. 
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The model was nondimensionalized prior to solving.  The scales for the length, 
potential, electric field, current density, velocity, and stress are 
 δ=*l  (4.27) 
 
aF
RTδ
φ =*  (4.28) 
 
aF
RT
E =*  (4.29) 
 
O
ref
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* =  (4.30) 
 refvv =
*  (4.31) 
 
δ
η
σ ref
v
=*  (4.32) 
respectively.  The model was solved using the COMSOL Multiphysics software package 
(formerly FEMLAB), which specializes in applying the finite element method to coupled 
phenomena.  The model’s domain was partitioned into a triangular mesh that was extensively 
refined to fully capture the behavior near the ridge-top of the metal-film interface as well as 
to ensure that the solution was independent of the mesh spacing.  The system of partial 
differential equations and their dependent variables were approximated with the introduction 
of basis functions.  For the potential distribution the basis functions were established with 
third-order Lagrange elements.  The momentum balance used Lagrange P3-P2 elements 
(cubic elements for the velocity components and quadratic elements for the stress, which 
reflect the higher order of the velocity derivatives in the equation and also stabilize the 
stress).  The order of the Lagrange elements was increased to improve accuracy with first and 
second spatial derivatives of the dependent variables.  The nonlinear solver used and affine 
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invariant form of the damped Newton method.  The relative error was the weighted 
Euclidean norm, and iterations were stopped when the default convergence tolerance of 10-6 
was met. 
4.3  Results and Discussion 
Values of the three geometric parameters needed to establish the model domain were 
obtained over a range of anodizing voltages largely from Ebihara et al., who performed 
detailed measurements on films formed in sulfuric and oxalic acids [19, 20].  No single, 
complete source was available for parameter values in phosphoric acid; values were derived 
using a combination of sources, namely, porosity values [9], cell diameters [18], and 
evidence supporting a similar dependency of θο on voltage as is observed with oxalic acid 
[micrographs in 6 and 10].  The voltage ranges with available film geometries from all three 
acids were divided into approximately equal segments, and a model domain was constructed 
at each point.  For sulfuric and oxalic acids, eight models were originally constructed for 
each, with additional domains being added later to investigate points of interest (e.g. zero 
stress current densities).  Slightly fewer domains were constructed for phosphoric acid 
because of the necessity to combine measurements from multiple sources, many of which 
were performed and reported at thirty volt intervals.  In all, twenty-six domains were 
constructed to represent and simulate the spectrum of experimentally observed film 
geometries as, shown in Figure 4.2. 
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Figure 4.2  Scope of the experimentally observed geometric parameter space.
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With the governing equations, boundary conditions, and axisymmetric domains 
established, the model is almost completely defined.  Input values were necessary for the 
three conduction parameters that result from independent migration of the aluminum and 
oxygen ions: οOu , 
ο
Mu , and  a.  These were fit to experimental measurements.  The logarithm 
of the current density has a linear dependence on the electric field following high-field 
behavior.  However, direct measurements of the electric field are not available, nor would 
they be very applicable because of significant variations in the local electric field resulting 
from the curvature of the pore forming geometry.  The relevant quantities that are readily 
measured are the nominal current density, inom; the anodizing voltage, V; and the oxide’s 
thickness, δ.  Appropriate relationships involving these quantities can be developed from the 
current and volume balance (Equations 4.1 and 4.8, respectively) by considering the radially 
one-dimensional behavior near the pore axis and the condition of zero stress where the flow 
terms drop from the volume balance.  This condition is reached at a particular current 
density.  In this one-dimensional spherical regime Equation 4.1 reduces to 
 ( ) 01 2
2
=
∂
∂
ir
rr
 (4.33) 
for 21 RrR ≤≤  and follows the constraint that the local current density at the metal-film 
interface along the pore axis is equivalent to the nominally measured current density passing 
through the cell, i.e. nomiRi =)( 2 .  The former constraint can be verified by either direct 
application of Equation 4.16, where ny is one at the pore axis, or by analyzing the total 
current passed through the projected and actual surface areas of the metal-film interface.  
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Integration and substitution of ( ) ( )zz exp
2
1
sinh ≈  allows the current density as seen in 
Equation 4.2 to be rearranged into 
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relating the nominal current density, inom; radial position, r; and electric field, E.  Similarly, in 
one-dimension and at zero stress the metal-film volume balance, Equation 4.8, becomes  
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At zero stress the volume produced at the metal-film interface is exactly filled by migration 
of oxide.  Equation 4.35 was used to eliminate οOu  from Equation 4.34.  Then the two 
equations were solved for the electric field, or more explicitly, 
r∂
∂φ
. Integration again with 
respect to r from R1 to R2 yielded expressions for the potential drop across the film, which is 
by definition equivalent to the anodizing voltage, V.  The final result is the following two 
equations: 
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and 
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The equations in the above form relate the three conduction parameters to experimentally 
measurable quantities, although their accuracy cannot be guaranteed outside of anodizing 
conditions near zero stress.  The experimental slope and intercept of ( )nomiln  vs. V/δ are 
 78 
 
available for all acids.  For sulfuric acid, a third constraint is available as the current density 
in which the stress induced deflection of aluminum foils switches from compressive to 
tensile.  This was measured as 0.6 mA/cm2 by Nelson and Oriani as discussed in Section 
2.4.2 [79].  At this point Equations 4.36 and 4.37 should be valid.  A single value of a was 
found to match the experimental slope, then inom = 0.6 mA/cm
2 was applied to determine οOu , 
and οMu .  A zero stress current density was not available for oxalic or phosphoric acid, so it 
was assumed that the ratio of the mobilities was the same for all three acids.  The resulting 
parameter values are shown below in Table 4.1. 
Table 4.1  Fit conduction parameter values. 
Sulfuric Acid 
 
Oxalic Acid 
 
Phosphoric Acid 
 
a 0.077 nm a 0.098 nm a 0.11 nm 
ο
Ou  1.09×10
-9 cm/s οMu  3.65×10
-10 cm/s οMu  5.83×10
-11 cm/s 
ο
Mu  8.28×10
-11 cm/s οMu  2.78×10
-11 cm/s οMu  4.44×10
-12 cm/s 
 
The values for a are notably small if interpreted as the actual jump distance and compared to 
the lattice parameter of crystalline forms of alumina.  However, a should properly be 
interpreted as βa where β is a dimensionless symmetry factor (0 < β < 1) for the conduction 
energy barrier.  Simulations in the full two-dimensional model with independent migration of 
ionic species using these parameter values are able to replicate experimental observations, as 
is shown in Figures 4.3 and 4.4. 
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Figure 4.3  Comparison of experimental (black [19, 20]) and simulated (red) current-voltage curves for sulfuric and oxalic 
acids. 
5
4
3
2
1
0
C
u
r
r
e
n
t
 
D
e
n
s
i
t
y
 
/
 
m
A
 
c
m
-
2
403020100
Potential / V
 Experimental Data
 Model Fit
Sulfuric Acid Oxalic Acid
  
 
80
 
Figure 4.4  Comparison of experimental (black [9]) and simulated (red) current-voltage curves for phosphoric acid.
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The final model parameter is the current efficiency, ε, and it is as much a result as it is 
an input.  It enters the system at the film-solution interface following Equation 4.22, and it 
specifies the relative rate of oxygen entering the film.  There are two completely independent 
sources for current efficiency values.  For a handful of the anodizing cases being simulated, 
“volume expansion factor” measurements were available.  The current efficiency was 
manually adjusted until the model predicted the same ratio of pore wall growth to the 
interfacial motion as is indicated by the “volume expansion” measurement.  The second 
source of current efficiency values is a kinetic study by Valand and Heusler investigating the 
ion transfer reactions occurring at the film-solution interface (see Figure 2.10) [73].  Their 
measurements allow calculation of the current efficiency at a pH of 1.0 following Equation 
2.14, which is presented in comparison to simulation results matching “volume expansion” 
measurements in Figure 4.5.  The strong agreement between the two independent sources of 
current efficiency reinforces the developed relationships between flow, interfacial kinetics, 
and ionic migration without any consideration of field-assisted dissolution at the film-
solution interface or volume expansion upon oxidation of the bulk metal. 
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Figure 4.5  Current efficiency for growth of oxide at the film-solution interface as a function of the local current density.  
Solid line is based on experimental data extrapolated to pH 1.0: oci  = 20 µA/cm
2, cα  = 1.35; oli  = 4.9 µA/cm
2, +lα  = 1.90, 
−
lα  = 0.1 [73].  Data markers are from matching simulations to “volume expansion factor” measurements [45-48, 55].
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The potential distribution for the case of anodizing in oxalic acid at thirty-six volts is 
shown below in Figure 4.6.  
 
Figure 4.6  Potential distribution (color scale in volts), φ , and current streamlines (red 
lines), i
(
, from simulating anodization in oxalic acid at thirty-six volts.  
The potential decreases by 12% from thirty-six volts as the metal-film interface is followed 
up towards the ridge-top.  However, the interface potential should actually be constant at 
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thirty-six volts.  The varying potential is a result of the boundary condition enforcing time 
invariant motion of the interface.  The most significant potential drop is in the direction of 
the film-solution interface where there is an overpotential on the order of decivolts or less, 
modeled as an electrostatic potential of zero.  This creates a strong electric field 
characteristically around one volt per nanometer necessary to drive current through the 
dielectric film.  As represented by the variation in potential and location of current 
streamlines in Figure 4.6, the vast majority of conduction current passes through the barrier 
region of the film.  There is a large energetic penalty in driving current through additional 
lengths of material, therefore very little current is reaching up into the pore wall.  In fact, the 
pore wall material is essentially inactive oxide accumulating from processes transpiring 
closer to the metal surface.  The figure indicates a dramatically larger current density in the 
pore base region of the film-solution interface relative to the metal-film interface or 
anywhere else in the oxide.  The current passing from the metal surface almost entirely exits 
the film at the pore base which is much smaller in area.   
The dimensionless stress distribution and velocity field of the stress-driven flow are 
shown in Figure 4.7 for the same case of anodizing in oxalic acid at thirty-six volts.  The sign 
convention of the stress is that negative values are compressive and positive values are 
tensile. 
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Figure 4.7  Dimensionless stress distribution (color scale), σ( , and the velocity field 
representing the stress-driven flow, v
(
, from simulating anodization in oxalic acid at 
thirty-six volts. 
The flow pattern is driven by a compressive stress in the pore bottom, which is largest at the 
film-solution interface.  The flow is initially driven downward towards the metal surface 
while simultaneously decelerating.  Then the flow turns laterally towards the pore wall and 
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eventually upwards.  While the relative flow velocity is small in the pore wall and difficult to 
see in Figure 4.7, it is moving upward which is consistent with a “volume expansion” 
measurement greater than one (typically the volume expansion factor is around 1.35 for 
porous alumina [101]).  This flow pattern is consistent with tungsten tracer studies.  The 
strong downward flow near the pore base region of the film-solution interface prevents 
tracers from reaching the solution before they are pushed laterally into the pore wall. 
Particle tracing calculations were performed to explicitly simulate the tungsten tracer 
experiments.  Figure 4.8 reveals the evolution of the tungsten layer during anodizing.  The 
tungsten was modeled as migrating under the electric field at a rate half that of aluminum 
cations, which is near experimental measurements by Thompson et al. [102].  The case being 
simulated is anodizing in oxalic acid at thirty-six volts.  The time step between each of the 
profiles is one third of the timescale, resulting in separations of roughly 7.73 seconds for this 
simulation.  The reference frame is moving with the oxide, which results in an apparent 
upward pseudoconvective velocity. 
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Figure 4.8  Time evolution of tungsten tracers during anodization in oxalic acid at 
thirty-six volts.  The gray shaded area represents the bulk metal, and the dots are 
massless tracers migrating at half the rate of aluminum cations.  The profiles on the 
right half are 7.73 seconds apart, while the lines on the left indicate particle pathlines. 
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At t0 and t1, all of the tungsten is buried in the bulk metal.  While in the metal the tungsten is 
stationary.  It does not come under the influence of flow or the electric field until it comes 
into contact with the metal-film interface and is oxidized.  Again because of the moving 
reference frame, the metal-film interface appears stationary while the metal appears to move 
upwards.  The tungsten tracers near the pore axis are the first to enter the film.  These tracers 
and their neighbors begin moving under the influence of flow and the electric field before 
tungsten beneath the ridge-top is even oxidized.  The upward movement of the tracers near 
the axis is impeded by downward flow while those between the pore axis and the ridge-top 
begin to escape to the pore wall and form the peak of the characteristic bump in the profile.  
The tracers beneath the ridge-top lag behind slightly as they are the last to enter the oxide.   
The distortion of the tungsten profile is a direct result of competition between flow 
and migration.  Along the pore axis and even more notably anywhere near the film-solution 
interface along the pore base, the flow towards the metal surface is in direct opposition to 
migration of cations towards the film-solution interface.  Beneath the pore base, their motion 
towards the film-solution interface slows as the opposing flow increases.  Soon, the flow 
velocity away from the pore base cancels the upward velocity towards the solution due to 
migration and the moving reference frame.  At this point, their vertical movement stops.  The 
lateral component of the flow field that is normal to current lines remains unimpeded and 
eventually pushes all of the tungsten into the pore wall where the flow turns upward.  From t4 
on, any tracers still remaining near the pore axis appear vertically immobile; however, 
considering the reference frame they are in fact moving downward at a rate of vref (unusual 
behavior for a cation, thus requiring flow).  Because of flow, none of the tungsten ever 
reaches the film-solution interface, and it is all retained in the oxide.  Even if the tungsten 
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was an ideal maker and was completely inert under the electric field, flow would still be 
needed to explain the presence of any markers in the barrier region after twenty-three 
seconds in the film (around t5).  After twenty-three seconds in the film (from t2 to t5 for 
tracers near the pore axis), the oxide has progressed into the bulk metal a distance equal to 
the oxide’s thickness, and the motion of the film-solution interface alone would have 
overcome an inert marker in the absence of flow.  The model illustrates how flow is able to 
make the tungsten cations behave more like an anion with respect to their inability to reach 
the film-solution interface and their accumulation in the pore wall.   
Direct comparisons of model simulations to experimental micrographs are shown in 
Figures 4.9 to 4.10.  The simulations are in agreement with experimental observations for all 
three acids down to the details of tungsten thinning beneath the pore base, development of 
the unusual profile bump, and location of the markers even after extended periods of 
anodizing.  In fact the distortion and position of the tungsten markers are in better agreement 
than the shape and size of the pore geometry.  This is likely due to the nature of the tracer 
experiment.  The pores in the micrographs are those that develop initially upon anodization 
whereas the model geometry is based off of fully developed steady-state pores.   
In summary, several aspects Figures 4.9 to 4.11 should be noted as supporting flow 
and as contradicting expected results from either cationic tungsten migration or even 
behavior of immobile tungsten markers: 
 Inability of tungsten to reach the film-solution interface 
 Thinning of tungsten beneath the pore base even as the concentric area decreases 
 Lateral motion of tungsten towards the pore wall 
 Retention of the tungsten in the oxide film 
 Upward motion in the pore wall relative to stationary reference frame 
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Figure 4.9  Comparison of experimental and simulated tungsten tracer profiles 
produced by anodizing in phosphoric acid at 5 mA/cm2 for (a) 180, (b) 240, and (c) 350 
seconds. 
(a)
(b) 
(c)
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Figure 4.10  Comparison of experimental and simulated tungsten tracer profiles 
produced by anodizing in oxalic acid at 5 mA/cm2 for 175 seconds. 
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Figure 4.11  Comparison of experimental and simulated tungsten tracer profiles 
produced by anodizing in sulfuric acid at 5 mA/cm2 for 340 seconds. 
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Particle tracing calculations were also applied to elucidate the behavior of oxygen in 
the film.  The results are shown in Figure 4.12 for the same anodizing case of oxalic acid at 
thirty-six volts.  Here, the dots are massless tracer particles simulation the transport of 
oxygen anions. 
 
Figure 4.12  Time evolution of O2- tracer profiles during anodization in oxalic acid at 
thirty-six volts.  The dots are massless tracers with a time step of 7.73 seconds between 
profiles (right), and the lines on the left half indicate particle pathlines. 
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The oxygen anions travel under the influence of both stress-driven flow and electrical 
migration, i.e. v and JO.  As before, the reference frame is moving with the oxide, which 
results in an apparent upward pseudoconvective velocity.  Upon entering the film near the 
pore base at time t0, the anions rapidly move downward.  In this region near the pore base of 
the film-solution interface, both the stress-driven flow and the electric field are at maximum 
values and are cooperating to transport the anions in the direction of the metal surface.  This 
effect is seen by the large displacement in the first time step.  The lateral component of the 
flow becomes more significant as the velocity towards the metal decreases for both flow and 
migration.  The combined effects of flow and migration exactly fill the volume produced at 
the metal-film interface with the final destination of all oxide being the pore wall.  As oxygen 
leaves the barrier region of the film the electric field quickly drops in strength and ionic 
migration slows to a halt.  However, the oxide in the pore wall is still traveling at a velocity 
dependent on the flow field below it (as well as vref when presented in the simulation 
reference frame). 
While a direct comparison is not available, the results are clearly consistent with 
Siejka and Ortega’s oxygen isotope experiments.  An initial barrier oxide with 18O would be 
displaced by 16O from the solution only in the active region of the pore base.  The original 
oxide is the first to reach the pore wall, and the newer 16O accumulates beneath it.  No oxide 
ever dissolves into solution.  While this provides strong evidence against field-assisted 
dissolution mechanisms, it is not a strong argument for material flow because the effects of 
anion migration and flow are difficult to separate. 
The particle tracing results following a flat plane of aluminum atoms is less 
remarkable in comparison to the behavior of the oxygen and tungsten species.  As illustrated 
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in Figure 4.13, their motion is essentially vertical with only minor variation near the film-
solution interface.  Once oxidized, there is a strong force pulling the cations in towards the 
pore axis.  However, a large portion of this force is canceled by the lateral component of the 
stress-driven flow.  The end result is that most of the aluminum beneath the pore walls will 
contribute to oxide accumulation in the wall above it, while aluminum beneath the pore base 
will be ejected into the solution. 
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Figure 4.13  Time evolution of aluminum tracers during anodization in oxalic acid at 
thirty-six volts.  The gray shaded area represents the bulk metal, and the dots simulate 
massless tracers.  The profiles on the right are 7.73 seconds apart, while the lines on the 
left indicate particle pathlines. 
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In all the cases, the flow is driven by a compressive stress along the pore base that is 
strongest at the film-solution interface, as seen in Figure 4.14.  Here, only the dimensionless 
stress is represented because of uncertainty about the exact value of the viscosity of these 
anodic films while they are under the effect of a strong electric field.  This stress is not 
originating from any particular mechanism incorporated into the model.  The modeling 
approach was to predict the stress distribution needed to conserve momentum, leaving the 
mechanism generating the stress open to interpretation.  The film-solution interface is 
essentially a free surface.  Certainly there are no significant external force vectors acting on 
the interface to constrain its position.  The weight of the solution is negligible.  This leaves 
only internal and interfacial effects. 
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Figure 4.14  The dimensionless compressive stress that drives flow from the film-solution interface for simulated cases of 
sulfuric, oxalic, and phosphoric acids. 
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One likely source of the compression seen in Figure 4.14 is electrostriction.  
Electrostriction is a common response of dielectric materials under the influence of an 
electric field.  The applied electric field is driving ions of opposite charge in opposite 
directions, effectively doing work to separate the charges.  The resistance to this motion and 
the attraction of the oppositely charged ions results in a compressive stress in the direction of 
the electric field.  This phenomena occurs within the material, and the magnitude of the stress 
in a planar film is proportional the both the dielectric constant of the film and the square of 
the electric field.  For alumina under an electric field of 109 V/m, electrostriction can be 
estimated to be on the order of 100 MPa, which can easily have a significant effect for 
reasonable viscosity values.  Using a relative dielectric constant of 8.4 [98] and following the 
process presented and used by Vanhumbeeck and Proost [78], the mean electrostatic stress in 
the film formed in oxalic acid at thirty-six volts was calculated and is shown in Figure 4.15.   
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Figure 4.15  Calculated electrostatic stress, ESσ , during anodizing at thirty-six volts in 
oxalic acid.  The color scale is in units of MPa. 
Comparing Figure 4.15 to 4.7 (also shown below in 4.17) illustrates that the calculated 
electrostatic stress also has the expected distribution.  The largest stress originates at the pore 
base of the film-solution interface, decreases as the area spreads to the concentrically larger 
metal-film interface, and is lowest in the pore wall where it drops to zero at distances away 
from the metal’s surface.  A quantitative comparison of the calculated electrostatic stress 
seen in Figure 4.15 to the predicted stress distribution in Figure 4.7 is presented in Figure 
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4.16 as a counter plot of the ratio of the predicted dimensionless stress to the calculated 
electrostatic stress, ESσσ( . 
 
Figure 4.16  Contour plot of the ratio of the predicted dimensionless stress to the 
calculated electrostatic stress, ESσσ( , in units of MPa-1. 
If the electrostatic stress was the only source of the predicted compressive stress in the 
barrier region of the film, then the ratio seen in Figure 4.16 would be constant.  There is little 
variation in the portion of the barrier region close to the metal-film interface, where the oxide 
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is largely pure alumina.  The variation is more significant near the film-solution interface as 
well as at the ridge-top.  The former may be attributed to unknown effects from the 
incorporated acid anions as well as hydrated states of the oxide.  The latter is expected 
because electrostatic stresses are compressive in nature and certainly are not causing the 
characteristic tensile stress predicted at the ridge-top (discussed later).  Comparison of the 
average ratio along the pore axis of 0.177 MPa-1 and the stress scale in Equation 4.32 yields 
an estimate for the viscosity at 1.3×108 Pa·s.  
Another possible source of the compressive stress shown in Figure 4.14 could arise 
from the strong driving force for hydration of the oxide; an effect previously associated with 
stress development in anodic films on aluminum [80].  These anodic films are amorphous in 
structure and are known to take in significant amounts of water as well as oxyanions from the 
acid.  The driving force for the insertion and incorporation of these molecules could be 
balanced by a compressive stress in the surface region of the film.  The addition of these 
molecules could also affect the film’s local or effective dielectric constant and viscosity, 
which would affect either the magnitude of the electrostrictive stress or the flow field it 
produces. 
The calculations reveal a characteristic tensile stress over the ridge-top of the metal-
film interface.  While this is visible in Figure 4.7, Figure 4.17 draws focus to the area of 
interest. 
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Figure 4.17  Dimensionless stress distribution from anodizing in oxalic acid at thirty-six 
volts, with focus on behavior near the ridge-top of the metal-film interface. 
The contour line in the zoomed subset reveals exactly where the stress switches from 
compressive to tensile.  The magnitude of the tensile stress depends on the anodizing voltage 
and the radius of curvature of the ridge-top.  Sharper ridge-tops result in a more acute effect 
on the tensile stress increasing its magnitude.  The tensile stress also increases with the 
anodizing voltage as shown in Figure 4.18.  This tensile behavior is in contrast with 
compressive nature of the rest of the metal-film interface, further illustrated in Figure 4.19. 
0=σ(
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Figure 4.18  Variation of metal-film ridge-top stress (dimensionless) across the spectrum of anodizing cases. 
  
 
105
 
Figure 4.19  Variation of the dimensionless mean stress along the scalloped portion of the metal-film interface for the full 
spectrum of anodizing cases. 
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While the majority of the barrier region is compressive and driving material flow to the pore 
walls, the stress at the ridge-top is characteristically tensile.  The tensile nature of the stress is 
consistent with the observation of voids in the oxide, which form exclusively at the ridge-
tops and particularly at ridge-tops over triple cell junctions within the hexagonal arrangement 
of the pores [23-28].  Application of the Young-Laplace equation yields a dimensional 
estimate on the local stress.  This equation relates the pressure difference between the void 
and the surrounding oxide, ∆P, with the surface energy of the interface, γ, following 
 
r
P
γ2
=∆  (4.38) 
where r is the radius of the void.  The surface energy for an air-oxide interface is roughly two 
joules per square meter [103], so a void with a ten nanometer radius is estimated to sustain a 
pressure difference of 400 MPa, due to a tensile stress of 400 MPa outside the void.  
Comparing this to the dimensionless stresses in Figure 4.18 and the stress scale in Equation 
4.32 yields a viscosity on the order of 109 Pa·s.   
The fact that conduction calculations indicate a need for an inhibition mechanism in 
the same region of the film where the stress is tensile indicates that the two phenomena may 
be related (compare Figure 3.11 and 4.17).  Figure 4.20 shows the behavior of the stress and 
the potential along the metal-film interface.   
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Figure 4.20  Variation of the mean stress and the electrostatic potential along the metal-film interface for the case of 
anodizing in oxalic acid at thirty-six volts. 
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In Figure 4.20, the stress is compressive over the majority of the interface as expected.  There 
is a compressive peak near the inflection point of the geometry where the concave scallop 
meets the convex ridge-top.  At this point, the interface domain and its slope (z and 
r
z
∂
∂
 
respectively) are continuous; however, the curvature, 
2
2
r
z
∂
∂
, is discontinuous.  This 
discontinuity enters the system via the unit normal in the stable geometry evolution boundary 
conditions, and is seen in the stress distribution because the stress is proportional to the 
velocity gradient following the momentum balance.  Investigations into artificial smoothing 
of this discontinuity reveal that it has only a localized effect and did not change the tensile 
behavior at the ridge-top (despite the sharp appearance of the compressive and tensile peaks 
in the scale of Figure 4.20).  The potential decays along the metal-film interface to a 
depressed value at the ridge-top.  This is a result of the stable interface evolution conditions.  
In Chapter 3, the curvature enhanced the electric field when a constant potential boundary 
condition was used.  In this continuum model, the effects of the curvature dictate that a 
smaller electric field (and therefore a lower potential) is needed to produce steady-state 
interface motion, because of the enhanced conductance due to the ridge curvature.  The 
decrease in potential along the metal-film interface is illustrated in Figure 4.21 for all of the 
simulated anodizing cases as a percent drop from the pore axis value. 
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Figure 4.21  Decrease in electrostatic potential along the metal-film interface, (φpore axis - φridge-top)/φpore axis×100%. 
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The required interfacial velocity inhibition on the ridge can be explained using the 
predicted interfacial stress distribution.  The stress variation along the interface would create 
a driving force for lateral diffusion of interfacial aluminum atoms from the compressive 
region on the scallop toward the tensile region at the ridge following 
 σµ ∇=∇
Ω
−=
RT
D
RT
D
J AlAl
Al
Al  (4.39) 
where DAl is the diffusion coefficient of aluminum metal atoms at the interface.  The 
resulting transfer of aluminum atoms to the ridge would slow the local rate of interface 
motion, thereby compensating for the enhancing effect of the convex geometry on the 
electric field.  This is a compelling explanation for the stable interface motion, since both the 
electric potential and the stress variations occur directly as a result of the interface curvature. 
Direct evidence for significant lateral interfacial diffusion is found in recent work of 
Skeldon et al. on dilute Al-Au alloys [104].  Previous work by the same authors has 
established that relatively noble alloy elements will enrich in the nanometer thick layers at 
the interface [105].  Anodization of an Al-1 atom % Au alloy into a porous film reveals that 
upon sufficient enrichment, gold nanoparticles are incorporated into the film preferentially at 
intercellular boundaries above the ridge-tops.  This directly indicates transport of gold within 
the enriched layer towards the ridges, which the authors suggest is associated with interfacial 
stresses due to film growth.  Indeed a stress field is the most probable driving force 
considering that the gold is traveling uphill with respect to the concentration gradient.  It is 
therefore reasonable to claim that aluminum metal is affected in the same fashion as the gold.  
Additional evidence for lateral interfacial diffusion can be inferred from the work of Zavadil 
et al, who established the growth of interfacial voids during polarization with as little as two 
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to four monolayers of aluminum being oxidized [106].  Growth and development of these 
voids is attributed to the saturation and lateral mobility of interfacial cation and anion 
vacancies.   
The model can be used to estimate the stress which would be measured 
experimentally during the anodic oxidation of a cantilevered aluminum film.  The component 
of the stress in the radial direction pointing away from the pore axis is σrr, and it is 
independent of the angle about the pore axis, φ, due to symmetry.  The force in any arbitrary 
direction parallel to the bulk metal surface is then 
 ( )∫ ∫
∞
∂∂=
0
2
0
  cos2
π
ϕϕσ zRF rrcellx  (4.40) 
where Rcell is the radius of the cell.  ( )cellx RF 2/  is the force per width, which is equivalent to 
the product of stress and thickness, reducing to simply the integral of ( )ϕσ cosrr  along the 
right-hand symmetry boundary of the pore wall (σrr decays to zero with increasing z).  This 
force per width is the quantity measured by the deflection experiments discussed in Chapter 
2.  Figure 4.22 illustrates the result of this calculation across the spectrum of simulated 
geometries.  Because of uncertainty about the value of the viscosity, the results are left in the 
form of stress·thickness/viscosity, which has units of m/s.  It shows compressive forces 
between the pores that increase with anodizing potential for all three acids.  While this may 
be expected in terms of explaining the increasing degree of order in the pore structure with 
increasing anodizing potential, it isn’t in agreement with deflection measurements.  The 
deflection measurements are generally characterized by compressive deflections at low 
current densities which become tensile with as the current density increases.  The difference 
may be the result of approximating the pores as circular repetitive units.  Because of this, the 
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model misses the extra area at the trijunction regions of the cells, which is coincidentally 
expected to be quite tensile based on the ridge-top (the observation of voids in exclusively 
this region).  There is no way to be certain about what effect this region may have on the bulk 
properties of the film during anodization.  The difference may also be related to uncertainty 
about the degree of pore development during the deflection measurements. 
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Figure 4.22  Intercellular force per width calculations for all simulated anodizing cases. 
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In the development of the model, stress migration was neglected in order to simplify 
the system of partial differential equations.  This resulted in the well-known high-field 
conduction relationship, and the momentum balance only having a one-way coupling with 
the potential field.  One-dimensional calculations that included stress migration [Hebert and 
Houser unpublished] were used to evaluate the error introduced by this simplification.  The 
inclusion of stress migration caused a stress gradient near the interface which relaxed to zero 
as the plastic flow velocity accelerated to a constant value.  This is illustrated in Figure 4.23, 
which shows one-dimensional calculations at two different current densities.  
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Figure 4.23  Stress and velocity profiles through a one-dimensional planar film 
incorporating stress migration. 
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Figure 4.23 shows a boundary layer near the metal-film interface where stress migration is 
significant.  This layer is thin compared to the thickness of the oxide, and even with a 
significant stress gradient the effect on the velocity profile is very limited.  This thickness is 
determined by a length scale, *h , in the one-dimensional model defined as 
 







= **
3
4
v
RT
Va
h O
η
 (4.41) 
Substituting values for the case of anodizing in oxalic acid at thirty-six volts with the two 
estimated viscosities of 1.3×108 Pa·s and 109 Pa·s yields thicknesses of 0.36 nm and 0.99 nm, 
respectively.  Therefore, the expected result if stress migration was included in the current 
continuity model is a stress gradient in an exceptionally narrow region near the interface 
which relaxes to bulk values of the stress and velocity equal to the current predictions of the 
momentum balance without stress migration.   
4.4  Conclusions 
A continuum model was developed to elucidate the formation mechanisms of self-
organized porous alumina while explaining the observed plastic flow during film growth.  It 
couples high-field ionic migration and stress-driven material flow in an axisymmetric two-
dimensional geometry while enforcing conservation of electric charge, conservation of 
volume, and time invariance of the experimentally observed pore geometry.  The model is 
consistent with known conduction processes and interface kinetics.  The broad scope of the 
model enables simulations over a range of anodizing voltages for all three of the common 
acid solutions used to produce the porous oxide.  The results of which agree in great detail 
with experimental tracer studies using tungsten, provide a simple explanation to the inversion 
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of the oxygen order in oxygen isotope studies, and are consistent with the geometric 
measurements reflected by reported “volume expansion factors” despite the model’s lack of 
such a volume expansion mechanism. 
Material flow is necessary to satisfy the volume balance, and it is driven by a 
compressive stress at the film-solution interface in the region of the pore base.  This interface 
is essentially a free surface; the force vector from the weight of the electrolyte is certainly 
negligible.  Therefore the source of this compressive stress is either local or internal, and is 
likely the result of electrostriction, insertion or incorporation of water and large oxyanions 
from the acid bath, or a combination thereof.  The predicted stress field also suggests a 
mechanism for pore ordering, with interfacial diffusion compensating for the curvature’s 
effects on the electric field near the ridge-top. 
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CHAPTER 5.  GENERAL CONCLUSIONS 
The steady-state growth of porous anodic alumina has been modeled to provide a 
fundamental mechanistic understanding of the formation processes of self-organized films.  
The foundation of the model begins with phenomenological observations and measurements 
of the pore structure and electrochemical response during anodization.  Equally important is a 
detailed understanding of the growth processes occurring at each interface with contributions 
from both cation and anion migration.  With these two resources, a two-dimensional 
axisymmetric domain of the model was established as a cylindrical pore with a spherical base 
depressing into the metal.  Quantitative insight is reached by enforcing conservation of 
charge, conservation of volume, and time invariance of the steady-state geometries. 
The electrical migration model revealed the importance of explicitly incorporating 
high-field conduction to determine the potential field.  Ohmic conduction allows excessive 
bending and extension of current pathlines.  This model also illustrated some of the effects 
the pore geometry has on migration within the oxide.  The concentric nature of the pore base 
dictates that the electric field and local current density are much larger near the film-solution 
interface than at the metal-film interface, while little to no electrochemical activity occurs in 
the pore walls.  Similarly, the convex nature of the ridge-top intrinsically enhances 
conduction in a localized region of the metal-film interface.  This curvature enhancement is 
of such an extent that migration alone cannot predict a time invariant geometry.  Also, the 
electrical migration model is not able to predict tungsten tracer observations, nor could it 
satisfy an overall volume balance while matching experimentally observed rates of pore wall 
growth relative to rates of metal consumption. 
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The approach taken in the flow model expanded the range and scope of simulations, 
as well as including stress-driven flow.  Application of stable interface evolution boundary 
conditions circumvents the need to postulate and quantify possible inhibition mechanisms to 
counter curvature enhancement of the electric field along the metal-film interface as well as 
sources of the mean stress that drives flow.  Instead, the model determines the potential and 
flow fields necessary for the steady-state geometry.  Because of the tendency for the 
curvature to enhance the electric field along the metal-film interface, the flow model 
illustrates that a lower potential is needed at the ridge-top than that present elsewhere along 
the metal-film interface.  The model also indicates significant flux of oxide, beyond that 
attributable to migration, from the base of the pore into the pore wall.  This flow of oxide is 
driven by a compressive stress near the film-solution interface.  The combination of oxide 
flow and migration exactly fills the volume produced by oxidation of the bulk metal and is in 
excellent agreement with measured rates of pore wall growth relative to the interface 
velocities.  The model is consistent with oxygen isotope tracer studies, where oxygen is 
retained in the film and older oxygen is located at the top of the pore walls.  Simulations of 
tungsten tracer studies further validate the predicted flow fields.  These unique results show 
motion of a cationic tracers behaving in a fashion expected of an anion in terms of the known 
migration paths, with agreement in almost every detail of the distortion and evolution of the 
tungsten layer. 
A likely source of the compressive stress in the pore base is electrostriction.  This 
particular region of the film is certainly also influenced by hydration and incorporation of 
acid anions.  The extent to which these processes contribute to the stress is still unclear.  
There is also some uncertainty about the magnitude of the viscosity of anodic alumina during 
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anodization, and the degree of plasticity that is induced by the electric field.  Interestingly, 
the flow response of silicon to amorphization by MeV ion implantation is known to be 
Newtonian at room temperature, as postulated in the model.  The similarities of the damaged 
silicon crystal to anodic alumina are that both are amorphous, have increased free volume 
relative to standard bulk states, and there are known sources of stress during each respective 
process. 
It is unlikely that the unique behaviors of the ridge-top are all coincidences.  Here, the 
metal is protruding upward into the oxide with a local convex geometry that tends to enhance 
the electric field.  The prediction of a tensile stress in a generally compressive region of the 
film is also restricted to this particular region of the metal-film interface.  This establishes a 
driving force for interface diffusion of metal atoms toward the ridge as shown in TEM 
studies of aluminum alloys with 1 atom % gold.  Interface diffusion of aluminum atoms in 
the same manner would qualitatively explain the time invariant interface profile. 
This work has provided a quantitative explanation of the growth of porous anodic 
alumina.  In context of experimental observations, it is consistent with so-called “volume 
expansion measurements” without any sort of volume expansion mechanism or concept 
involving the Pilling-Bedworth ratio of alumina.  The model is also independent of any type 
of field or temperature assisted oxide dissolution.  The simulations are consistent with the 
unique and unexpected behavior of cationic tungsten tracer experiments.  The work 
illustrates the importance of ionic migration (with contributions from both cationic and 
anionic species) as well as stress-driven material flow.  
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